BOUNDS ON WHITTAKER FUNCTIONS FOR GL(n)

GILLES FELBER AND DAVID TOTH

ABSTRACT. We prove a new estimate on Jacquet-Whittaker function for GL,(R), assum-
ing that the Langlands parameters are purely imaginary and well-spaced. This gives an
upper bound for the global sup-norm of the Whittaker function that matches the lower
bound of Brumley-Templier in the exponent up to a linear error in n.

1. INTRODUCTION

In this paper, we study the (standard archimedean spherical) Jacquet—Whittaker function
W, on GL,(R) associated with a cusp form ¢ and indexed by the Langlands parameters

(1) p=(p1,. - pn) €C" with  py+ -+ pn =0,
so that the automorphic representation induced by ¢ is tempered, yielding that
(2) p=(p1,--.,pn) € (R)"

holds as well. We will also assume that the parameters are well-spaced, i.e.
(3) lpi — pj| > T, (1<i<j<n)

holds for some constant ¢ > 0, where

(4) Ty, i= max(2, jut], - pin]):

This covers 99% of all Maass forms (see the introduction of [BB20] for more details). The

constant ¢ will be implicit in the rest of the article and we will use the Vinogradov notation

> to indicate from now on. Recall that T}, =<, )\;/ ? is related to the Laplace eigenvalue

of the cusp form ¢ [BHM20, Equation (7)].

The function W, is defined as follows. By the Iwasawa decomposition, every matrix
g € GL,(R) can be uniquely written as g = utk, where u € U,(R) is unipotent upper-
triangular, ¢t = diag(ty,...,t,) is diagonal with positive diagonal entries, and k& € O, (R) is
orthogonal. The height function H), is given for every p € C" by

Hu(g) =[]t/ (g € GLu(R).
j=1

It is right-invariant under O, (R) by the Iwasawa decomposition, and if in addition is
satisfied, then it is also invariant under Z,(R) (the center of GL,,(R)), so it can be regarded
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as a function on the generalized upper half-plane ™ = GL,(R)/(On(R) - Z,(R)). We define
the Jacquet—Whittaker function by

(5) W,(g) = /U o Haltwg) ) du

where w is the long Weyl element and

P(u) = exp(2mi(ur g + -+ Un—1n)), u= (ui) € Up(R).
The integral in converges locally uniformly for any g € GL,(R) and for any u € C"
such that Rep; > --- > Repy, and hence defines a holomorphic function p — W,(g).
Jacquet [Jac67] proved the holomorphic continuation of this function for any u € C™.

All this implies that W, (g) is invariant under Z,(R) once is satisfied, right-invariant
under O, (R) and transforms by a character under the left action of U, (R), hence it is enough
to estimate it on the positive diagonal torus. Note that Jacquet [Jac67] also proved that the
completed Jacquet—Whittaker function

Wu(g) = H Pr(1 4 pj — pr) | Walg)

1<j<k<n

is invariant under any permutation of the j;’s (here T'r(s) = 7~*/2I'(s/2)), hence we may
(and will) agsume
Imp; > -+ > Impy

as well. We are going to show the following:

Theorem 1.1. Let n > 3, t = diag(ty,...,t,) € GL,(R) with t1,...,t, > 0, and assume
that the Langlands parameters satisfy , and . Then for any € > 0 we have

(6)
.377.2—1177,—0—14 n-1
W(diag(ty, . . tn)) <ne T e Ht”“ 2 exp | —— Zt Jtist

1/2—¢

Note that as W, is invariant under Z,(R), it is clearly enough to show (b)) for ¢t =
diag(t1,...,tn—1,1), or equivalently, using the parametrization of [BT20) [Sta90} Sta01l
Sta02], it suffices to prove

3n2 711n+14+6 Jj(n—j)

‘ 1 n—1
Wlt(dlag(yl '”yn—l)"'uyn—l?l)) <<’Vl,6 T Hyj ? 6eXp _?Zyj
no_

This is the estimate that we are going to prove in Sectlonl 3l Assumption is only needed in
Section when we estimate the Gamma factors. A bound involving quotients of Gamma
functions can be deduced assuming only that |u; — p,| > 1.

As in [BHM20, Theorem 1], (6) implies

(n—n)—(3n®—11n+14) n3—3n?410n-14
) Wl i T e ettty
This complements [BT20, Theorem 1.14] that states (under the same conditions)
(8) Wlloo > Tpn=Dm=2/12

Note that the cubic and the quadratic terms of the exponent agree in the upper and lower
bounds above. More precisely, the difference in the exponent between our result and [BT20]
is %(n — %) Also, the upper bound improves on the one given in [BHM20, Remark
1] if n > 4, and the main ingredient of our improvement is the use of a Mellin transform
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computed by Stade (see Equation (12))). For n = 3 the two bounds are the same, and in this

case the improved bound [|W,| > T3/4 is stated in [BT20, Theorem 1.9] while the upper
estimate || W, | < T}, is given in [BHMI19, Lemma 2| (while we get |[W, || < Tj/g). We
expect the optimal exponent for n > 4 to sit strictly between the two bounds and .

One of the main interest of global bounds on Whittaker functions is the global sup-norm
problem for cusp forms on GL, (R). The best known lower bounds for this problem are given
by [BT20] for n > 3 and the best known upper bounds can be found in [BHM19| for n = 3
and [BHM20] for n > 4. See also the citations therein for a more detailed account of the
literature. Following the proof of [BHM20|, we can give a modest improvement on the bound
of [BHM20), Theorem 4] for the global sup-norm problem for cusp forms on GL,(R). The
improvement is only in the quadratic term of the exponent. It would be of great interest to
lower their bound in the cubic term and match the corresponding term of the lower bound.
One approach would be to refine the counting argument in Section 3.2 of [BHM20|. Another
interesting question is the case of non-tempered automorphic representations. In that case,
we know that the real parts of the components of p are strictly between —% and % (see
[BHM20, Equation (5)]). It would be of interest to improve the bound of [BHM20|, Theorem
2| in that generality. We hope to return to these problems soon.

1.1. Acknowledgment. The authors are profoundly thankful to Péter Maga, who intro-
duced them to this topic and guided them in this project. The research towards this paper
was supported by the MTA-RI Lendiilet “Momentum” Analytic Number Theory and Rep-
resentation Theory Research Group for both authors.

2. BOUNDS ON INTEGRALS OF K-BESSEL FUNCTIONS

In this section we prove an estimate for the K-Bessel functions that will be used frequently
in the proof of Theorem In the course of the proof we are going to the need the following:

Proposition 2.1. Leta > 0,b € R and x > 0. Assume that b <1 or ax > 1, then we have
e dt
(9) / e M= <y e g gL
" t
Proof. If b < 1, then

F _apdt oy [T b—1, —1_—
e“tTSx e dt <z’ a e .
X

xT

If b > 1 and ax > 1, then the statement can be proved by induction using integration by
parts. U

Lemma 2.2. Letr> 1, y >0 and {,k > 0 fired. Then we have
/O h \Kz-r(%ym))éui’“% gy € TRy R,
Moreover, if 2ry > 1 + 7r/2, then
/Ooo ‘Kir(Zwy\/m)ruik% <ok e‘”eyy_k_em.

If in addition r > T,, holds, where T), is defined in (), then we also have the uniform
estimate

/ ’Kir(gﬂy, /1 + uiQ)‘ e ke g e/ T2kt 3y ok
0 u
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Proof. We use the following bounds for the K-Bessel function of imaginary argument: if
x >0, r > 1, then we have (see [BH09, p. 679|)

¢™/? | K (z)| < min(r~ /3, }TQ - x2‘71/4),
and so
(10) Kip(z) < e /2713
holds for every x > 0 and r > 1. On the other hand, if > 1 + 7r/2, then the estimate
(11) |Kir(2)] < e™*a™!/?
holds by [HMO05, Proposition 9] for all r € R.

If x > 0but 0 < < r <1, then the function K;,(z) is uniformly bounded by a constant
only depending on §. We show this by splitting the usual integral representation for K;,.(x):

Kir(z) —/0 e~ 2osh(®) cos(rt)dt

1 oo
= / e~ 0 cog(rt)dt + / e=2osh(®) cog(rt)dt
0 1

o0

+
1

1 z [ —x cosh(t)
<Ll+-+- e sinh(t)dt
1

—z cosh(t) Sin(rt)
T

<Ll+e

=8

/ o T cosh(t) Sjnh(t) Sin(rt)dt
1

r r

1 re T cosh(t) ee
<l

r T €T

1

1 1
<1+=+-.

r r

This shows that Equation is valid for all z > 0 and r > 1 (where the implied constant
depends on §).

Turning to the proof of the statements, first note that it is enough to prove them with
positive signs in the exponents and then the change of variables v — u ™! gives the result
with negative signs.

For the first bound we split the integral at the point u = T+2:

4y °

o ¢ pdu
/ ‘Kir(Qﬂ'y\/ 1 +u2)‘ ut— =
0 u
Tr+42
y4 d oo J4 d
Ki-(2myv/ 1+ u2)‘ uk & —|—/ ‘Kir(Q’]Ty\/ 1+ uQ)‘ . I + Is.
N 2 U

4Ty
0 Tr+

Ay
In the case of Iy, we apply the bound yielding

Tr4+2 Tr+4+2

An J4 d 47 d
! Kir(27ry\/1+u2)) uk 2 <y e”f’ﬁre/?’/ ! ukzu <Lk e T 2pk=t/3y k.

u 0

0
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Now consider I5. In that case, we have 2ryv/1 + u? > %*‘2 Using first and then

@, we get:

0 —£/2 , du
I, <, ﬁrﬂ e~ 2mlyVita? (y\/l + u2) uk;

4y

—£/2 > —2mlyu, k—€)2 du
<y o (& u ;
4y

ﬂZr/nyﬁ/nyl(T,/y)kff/Qfl _ e*ﬂér/QT,kfﬁ/Zfl —k

<yr € Y

Ify> ”Zf, then using v1 4 u2 > 1% the corresponding bound is an easy consequence

of (T1):
oo
d
/ ‘ w2y 1+ u?) ) ukF— << / e_ﬂy(H“)y_e/Quk;u

0 0
oo
<o eﬂfyykE/Q/ efttk@
’ t
0

<ok e—wﬁyy—k—Z/Q.

We conclude with the proof of the last bound, so assume that r > T}, holds. Since e tu/r
is bounded from below for y < 147, so is e /T Hence the first bound implies the third
one. If y > 1+ r, then 27y > 1 + 7r/2 and y~Y? < =43, Now the third bound follows
from the second one:

oe £ du
/ ‘Kir(27ry\/ 1+ uiz)‘ ukz Lok e Ty kL2
0

—wﬁy/?e—ﬂfr/Qrk’y—k —0/3

<y € r

<ok e—[y/Tl,,e—w@r/2rk—€/3y—k’

since T, > 2 by definition and r > 1. O

3. PROOF OF THE MAIN THEOREM

Before turning to the argument we state the following formula of Stade that will serve as
one of our tools (see [BHM20, Equation (33)], [Sta02, Theorem 1.1]). Using the notations
of Section [1] for an appropriate s € C we have

) n—1 ts 1 dt 21—n n
: ; B -
(12) /’;61 [Wa(diag(ty, ..., tn—1,1))| I =2 = T () k:lz_I1 Lr(s + pr — ).

To handle the convergence of the integral on the left-hand side we change to y-notation,
i.e., make the change of variables y;---yn,—1 =t; (1 < j <n —1). The determinant of the

(upper-triangular) Jacobian is []}_ fyj ! and left-hand side of is

n—1
) o duys
/ W (diag(y1 - ynts-- - g1, D)2 [ /0 22,
RL,! j=1 Yi

By [BHM20, Equation (14)], we have

. 1
]W#(dlag(yl e UYn—1,. .- 7yn—1, | <<”7#7 H y] (n—7) exp | —— yj
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for any € > 0, where T}, = max(2, |u1], ..., |#n|). Hence the formula holds if the integral of

Hyj(n J)(A—e)+j(s+j—n) 1:[ js—1—ej(n—j)

converges in a neighborhood of 0. Choosing an appropriate € > 0 we get that holds if
jRes—1> —1,i.e., when Res > 0.

The starting point of our proof is a recursion formula of Stade. Before stating it we
introduce the notation

*
W,u(yl) ceey yn—l) -
n=l iy Myt

W, (diag(y1 -+ Yn—1,Yn—2- - Yn—15- -+, Yn—1,1) Hyz ? Y; :
j=1

then we have the following (see [BHM20l, Equation (32)], [Sta0l, Equation (4.3)]):
Theorem 3.1. If n > 2, then

Bjt1tHpn—j—H1—Hn

Wa(Ys .- Yn—1) ) = 2%~ S/R" 2l_Iu 2 K% <27ryj\/(1+u§_1)(1+uj2)>

>0 j=1
Ul Up—3 du1 e dun_g
*
: WN/ (yQa sy Yn—2
U2 Un—2 Uy -+ Unp—2

where

+ + _
= <M2+M7m,ﬂn_l+w> c -2
n—2 n—2

up =u,ty =0, ud | =1, and for n = 2,3 the inner Whittaker function W, is understood
to be equal 1.

The outline of the proof is the following: we apply the Cauchy-Schwarz inequality to
separate the inner Whittaker function on the right-hand side of the above formula. To

ensure convergence we also include one Bessel function and a product P(uq,...,uy—2) of
powers of u;j next to it so that 274" *[W*(y1, ..., yn—1)|* is bounded by
2)
/7L 2 H |K‘ |K7L 1|P(u17" y Un— 2) ! (/n2 W;(n ‘ ’Kn I‘P(uh . 7“11—2))
R>o j=1 R>o

(written briefly) where we also use that Re uj = 0 for 1 < j < n. Here and later we indicate
the rank in the notation of the Whittaker functions. Note that the factor

Kn—l = K#l;#n (27Tyn—1 \/ 1+ u7212>

only depends on u,_o and decays exponentially as u,_o — oo. For the right factor of the
previous product we will apply , while in the case of the left factor we will use the

Cauchy-Schwarz inequality and induction on n. We will use the same power for each u;,
that is, we set P(u1,...,up—2) = [[;Z 12u

From now on, we write r = Im (#5#2). We have 7 > 1 where we emphasize that the
implied constant depends directly on the condition of Equation (3]).
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3.1. Estimation of the right factor. Let us set

2 n—2
#(n—2 uy Un—3 s du;
IR::/ W/(n ) Y2—5.- -, Yn-2 = Kl"' 27ryn lm H ] ]
RYG? ! Uz Un-2 Jj=1 4

We are going to show the following:

Proposition 3.2. If s > 0, then

n—1 n—1
IR s H yj—(J—l)s H PR(S + g — ILLZ)efm‘/Q*yn—1/Tur(an)sfl/S'
j=1 k=2

*(n—2)

For the proof we first change to the function W}i, ? from W and also make a change

of variables, i.e., we set

Uk Uj
tj = | | Yk+1 = Yj+1---Yn—2
Pl Uk41 U

n—2
for j = 1,...,n — 2 with the convention t,_o = 1 (meaning that the value of the empty
product is 1). We also have
tithp—
ujzﬂinz (1<j<n-—2).
Yj+1---Yn—-2

Note that we do not apply a change of variable to u,_o. Then Ir can be written as

n—3 B 9

H(yj+1 "'yn—2>_s/ W/i’,n 2) (diag(tl,...,tn_g,l))‘ ‘Kzr <27Tyn_1\/1 +ui_2>‘

j=1 R%?
- N\ —J(n—2—j) dt daty,—
H [( ) (tj“n—2)s1 Uy, o :
e lj+1 tj

7 Un—2
3
~(-1)s (n—2) / 1. 20T 52— n+1dt;
| | W (diag(t1,...,tn—3,1) | | t
Rn73 t]
>0 J=1

(n—2)s dup—2
n—2 :

X / K, <2ﬂ—yn—1\/ 1+ 'U/,QI_2> U
R>o

Setting Y := [, yj_ U=Ds and applying for the first integral (with Wy_Q) in place of
W,Sn)) we obtain

Up—2

23 n.y n—1

M T Tr(s + pr — ) /000 ‘Kir <27Tyn1m)

k=2

(n=2)s QUn—2

Ip = 9

Un—2

Proposition [3.2] follows now from the third estimate of Lemma [2.2]

3.2. Estimation of the left factor. Let us set

]L_/Rn 2HKW <27ryj\/(1+u] D +u; ))2

>0 j=1

n—2

sdu;j
Il

J

K, <27Tyn M/l—l—un 2)




BOUNDS ON WHITTAKER FUNCTIONS FOR GL(n) 8

First we isolate the integral over u,_o and apply the Cauchy-Schwarz inequality:

o 2
/0 K, (27ryn_g \/(1 +u ) (1+ u;%)) Ky <27Tyn—1\/ 1+ U%_2>
A 1/2
00 —9gm AUy
< (/ Kir (27Tyn—2\/<1 + u?zfd)(l + u;22)) un32 '7“2>
0 Un—2

2

1/2
o0 du,—

X (/ K, <27Tyn—1\/1+ui_2) ul g Un 2) )
0 Unp—2

We assume that v > 0 and keep our previous assumption s > 0 so that 2s + v > 0 holds,
and apply Lemma on the right-hand side: in the case of the first factor we have the

parameters { =4, k =25+, y = yn—24/1+ uif?), while in the case of the second factor

dug, 2

—S

Up—2

Up—2

we have £ =2 k =, y = y,—1. Then the integral over u,_o is bounded by

2Yp—2 1+u2

—mp———=N_ n=3 2—2 / TR _m_we 2-1 /2
e Ty rsJ’JY/ - /3 (yn_2 1 _|_ u%_3> -e 2 Ty T’Y/ /3 ’yl =
2
3mr B 2Yn—2 V 1+ Un—3 _Yn R R TIN 7/2 —v/2 2 _ 25ty

1 1
9 jwu Tu y yn ( + un—3)

=exp | —

We estimate this further by estimating 1 + ui_g from below. We use 1 + u%_:,) > 1 in the
exponential while in the case n > 3 estimate the last factor by 1 +u2_5 > u2_; to obtain

the bound Bn_gu;fgvﬂ, where

3mr 2yp—2 + Yn—1 2 —y/2
(13) Pz = exp <‘2 - yTy> A
nw
Let us summarize this in the following estimates: if n > 3, then
(14)
-3 2 [n—4
. _odu; —25—1 du 3
2 7 n—
I}, sy B 2/Rn . H K (2@]\/(1 +uy)(1+u; )) [ | wnss
>0 j=1 Jj=1

Note that in the case n = 3 our bound for Iy, is simply B,_o. We now give an upper bound
for the latter integral by induction.

Lemma 3.3. Letn € Nt r > 1 and y1,...,y, > 0. If an:j ky s positive, then

2 n >
—k; du;
[ <zﬂylm> I1 % (%W(lﬂ?—ﬂﬂﬂ? 2>> w
2o J=2 ’

j=1

2 " n ik.— - —2%7: km
Lky,ooskn €Xp | —TRF — T Zyj r2j=1Jkj—=2n/3 H v, =j
j=1 J=1
Proof. We prove by induction on n. If n = 1, then Lemma [2.2] gives the result. Assume now

that n > 1 and the statements hold for n — 1. We consider the integral over u,. Again by
Lemma we have

o0 2 du —qr—2n kn
/ Ky <2wyn\/<1+ui_1><1+u52)> B T phnSyke (142 )~ F
0 u

n
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since by assumption k, > 0.

Now we use (1+u2_;)~ kn/2 <y Fn and it remains to estimate the integral

n— 17
2n—1 2n—1 —k dus
In-1= / Mir <27ry1m> H Kir <27ryz'\/(1 +ui )1+ u;2)> w,
RY, ol o uj
where k;’ =kjfor j=1,...,n—2, while k/,_; = kn—1 + ky. By our original assumption we

have ZZL 13 k. >0 for every 1 < j <mn — 1, so the induction hypothesis gives

n—1
_ —1)p— 2 n— _ _ — 7L:1-km—kn
I, 4 <<k1,...,k’n_1 e m(n—1)r Ty ] 1 Yj Z] 1 Jk +(n—1)kn—2(n—-1)/3 | | yj Zm—]

j=1
and the statement follows. O

Since our earlier assumptions imply js + /2 > 0 for 2 < j < n — 2, we can apply the
previous lemma in to get

(15)
9 3 n(n-3) 28 T —(n 1-j)s
It <psy Bp—a-exp | —m(n —3)r — ﬁ ;1 yi|r o2 Iﬁl

3.3. Conclusion of the proof. Now we combine the results of the previous sections to

2
obtain the bound on the Whittaker function. Recall that ’Wj(n) (y1,--- ,yn_l)‘ <, It - IR,
hence Proposition together with and imply the following: if s,v > 0, then

-1 n—1

m(n—1)r 1 <
W (n)(yla---ayn—l) Ln,s,y EXP _(2)_T Yj H FR(S—I-,uk—,ul)l/Q
Boi=1 k=2
(n+l)(n 2) oo 1. n-1 _(n=2)s 2)3 —2
xr e H v
Finally, we write W,Sn)(diag( e Yn—1y--+sYn—1,1)) as
j(n—j) Hk+#n+17k
W;(n)(yl,...,yn 1 HyJ 2 H Yj ? H F]R(l‘i‘ﬂk_ﬂl)_l
k=1 1<k<I<n

We consider first the Gamma factors. By Stirling’s formula, we have

IDR(0 + it)] ~g V2me ™4 17T
for t — +00. Then

n—1
e U2 T Trs + e — ) [ Tr(+ e — )™

k=2 1<k<I<n
n—1 n—1 n—1
s <H eﬂ(ﬂk_ﬂn)/‘l) (H evr(ul—uz)/4> H \Mk . —7(n—1)(p1—pn)/4
k=1 =2 k=2
J#k
<<n,s H |,u'k_
k=2

J#k
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Since we assume that the parameter u is well-spaced, i.e., |ug — | < T}, for any k # [, this
is bounded by 7"~ 2" =3=D/,
We also have r < T, and all this yields the bound

-2
1 -l _”_1 T s+ g _ 3n2-1in+414 n=l )
e Tp =1 Yj H p TH 12 Y. 2
. J
=1 Y j=1

Now choosing small s and v and taking into account the comment after Theorem [I.]] as
well, the proof of Theorem [I.1]is complete.
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