SOLUTION HOMEWORK 3

(1) Compute the length of the following curves.
(a) The segment [w, z] for w, z € C.

(b) The circle of center z € C and radius r > 0.
(c) The curve u : [0,44] — C given by u(t) =t + it>/2.

Solution:
(a) We parametrize the segment by

u:[0,1] = C, t— (1 —t)w + tz.
We have u/(t) = —w + 2. Then

1 1
:/ |u’(t)|dt:|z—w|/ dt = |z —wl.
0 0

(b) We parametrize the circle by
w:[0,27] = C, t — 2+ re'.
We have u/(t) = rie®. Then

27 27
O(u) = / W@ dt=r [ dt =2
0 0

(c) We have u'(t) = 1+ i3t!/2. Then
3/2|%

9t 2 9

N1+ —dt= - -1+ -t
/ ViTTt s (+4) .

(2) Let f(z0 +h) =0(1) as h — 0. Show that
[ r=on)
[20,20+h]

24 52 8 B
= 55 (1 +99)*% = (1000 1) = 296.

for h small enough.

Solution: Recall that f(zo + h) = o(1) as h — 0 means that
Ve>030>0: |h|<d=|f(z0+h)| <e.
Also, o(h) = h - o(1). Let € > 0 be fixed and 6 > 0 given by the above formula.

fo?
[z0,20+h]

If |h| < 6, then |h'| < §. So |f(z0 + h')| < € and the supremum is smaller or equal to e. We

showed that
/ f
[20,20+h]

<h sup |f(z0+h)|.
' €[0,R]

Ye>035>0 |h|<d= < he,

that is the integral is o(h).
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/ (1 + ez> dz and / (1 + ez> dz.
lz|=1 \# lz—2|=1 \#

Hint: the only computation of integral that you need was done in class.

1
/ —dz = 2mi.
|z|=1 #

Moreover, e* is holomorphic on C. By Cauchy’s theorem:

1 1
/ < + ez> dz = / —dz +/ e*dz = 2mwi + 0.
|z|]=1 \? |z|=1 % |z]=1

For the second integral, note that % is holomorphic in the interior of the circle |z — 2| = 1. So

by Cauchy’s theorem:
1
/ ( + ez> dz = 0.
|z—2|=1 \?

Let 7 be the positively oriented circle |z — 1| = 1. Show that

/ dz )
= 4.
,‘/22—1

Hint: decompose the integrand into partial fractions.

11 1 1
22—1 2\z—-1 =z+41/"

The second part of the integrand is holomorphic in the interior of the circle v. By Cauchy’s
theorem and an integral computed in class:

/ dz 1/ dz 1/ dz P40
—_— = _— = — =T .
Wz2—1 2)yz2—=1 2J),z+1

Let « be the positively oriented circle |z| = 1. Compute

eZ
/ —dz.
A
.

Hint: use the power series of €* and split between a part that is holomorphic on C and the rest.

Compute

Solution: We saw that

Solution: We have

Solution: We have
oo n

2zt 23 222 62 —~ (n+4)

The series on the RHS is holomorphic on C since
lim ((n +4)H/" = lim (n!)l/" . lim [(n +1)(n+2)(n+3)(n+4)]"/" = .

n— oo

We compute in class that the integral f “=dz = 0 for n > 2 and it is 2m¢ for n = 1. By
Cauchy’s theorem and the integrals computed in class:

1
/dz—/(z4 S+ )dz+/6Zdz+/Z dz—0+3+0
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/000 sin(x?)dzr = /000 cos(2?)dx = \/i

Hint: consider the integral of =" on the contour given by the segment [0, R], the circle arc
from R to Re"™* and the segment [Re?™*,0] and let R — co.

Show that

Solution: We consider the contour given in the hint. Let vg be the circle arc centered at 0
from R to Re'™/*. Let f(2) = ¢**. Then by Cauchy’s theorem:

O/[OR]f+/VRf+/R€”/4O]f

We parametrize vg by u : [0,7/4], u(t) = Re®. We compute

/ / o iR2e2it Ricitdt,
YR

Note that Im(e?®) = sin(2t) > t for t € [0,7/4] (proof: the scond derivative is non-positive on
the interval so it is concave). Then
77/4 eiR2e2it

dt

f‘SR/O

/4 R
<R e ®tat
0

/4
e~ Rt
R2
0
1— e—ﬂR2/4
R
This goes to 0 as R — oo. Therefore we have

o= fro(n)— / f
[0,R] [0,Reim/4]

We parametrize the segments as usual:
L 2 R im/4N2
0 :/ e’ dx + o(1) —/ el e i /Ay
0 0
Taking the limit as R — oo, we get

ei”/4/ e_xQda::/ eimzdx:/ COS($2)d$+i/ sin(z?)da.
0 0 0 0

Recall that fo e dy = f . Write ﬁ i/t = */27717*5 = /% (144). Taking real and imaginary

parts of the above equatlon, we get
/ cos(x?)dx = \/;, / sin(z?)dr = ,/E.
0 8 0 8

Let M C C be a simply connected region and f : M — C\{0}. Show that for any integer n > 1
there are exactly n functions g : M — C\{0} such that ¢g" = f. Hint: think of f(z) as e"*)
and g(z) as €7,

Solution: Since f is a non-vanishing function, we saw that there is a holomorphic logarithm
h: M — C with e® = f. Then gy(z) = e?/"+27k/7 ig such that g = f for k =0,...,n — 1.
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If g is another function such that g™ = f, then g(z) # 0 for all z € M. Therefore, there exists
j: M — C with e/ = g. Then ¢ = f = e". This means that =™ =1 is a constant function.
Then

0 = (MY = (H(2) = nf(2))e" ) = B (z) = nf(2).
So nj(z) = h(z) +c for some ¢ € C. Clearly, ¢ = 2mik for some k. Therefore g(z) = /() +27ik/n
is one of the solution gj, given above.

(8) Let 7 be the positively oriented circle |z| =1 and a,b € C with |a| < 1 < |b|. Show that

L (z — cg?z —b) - a2iib'

Hint: apply Cauchy’s formula.

Solution: The function ﬁ is holomorphic in the interior of . By Cauchy’s formula:

1 dz 1 1

o2mi ), (z—a)(z—b)  z—0b Ca—b

v z=a




