SYMPLECTIC KLOOSTERMAN SUMS FOR Sp(2n) WITH POWERFUL
MODULI

GILLES FELBER

ABSTRACT. We prove a non-trivial bound for Sp(2n) Kloosterman sums of moduli not equal
to a prime multiple of the identity. These sums are attached to Siegel modular forms on the
group Sp(2n) and appear in the corresponding Petersson formula. We give an application to
equidistribution of coprime symmetric pairs.

1. INTRODUCTION

Kloosterman sums are a type of exponential sums that play a significant role in number the-
ory. They allow for multiple generalizations over various groups such as GL(n) and Sp(2n). The
generalizations appear in particular in relative trace formulas of Petersson/Kuznetsov type and in
Fourier coefficients of Poincaré series, but also in relation to equidistribution problems. Recently,
non-trivial bounds have been proved for Kloosterman sums over groups of higher ranks. Blomer-
Man and Linn [BM, Lin] considered the Kloosterman sums appearing in the Kuznetsov formula for
GL(n). Erdélyi, Téth and Zabrady [ET, [ETZ] considered another type of GL(n) Kloosterman sums
appearing in equidistribution problems [ELS|. For the Petersson formula of the symplectic group,
only the case Sp(4) was considered until now with non-trivial bounds proven by Kitaoka and Téth
[Kitl, [Tét]. In the Kuznetsov formula for Sp(4), the sums were bounded by Man [Man].

In this paper, we consider a generalization of Kloosterman sums to Sp(2n) appearing in the
theory of Siegel modular forms and in the corresponding Petersson formula. Let n be an integer,
C € Mat,,(Z) a matrix with det(C') # 0 and @ and T be two symmetric half-integral matrices. The
symplectic Kloosterman sum is

(11) KAQT:0)= Y emuacTiereton,

(& B)ex©

The sum is over symplectic matrices in the double quotient
A B
X(C) =T\ { (C’ D) € Spgn(Z)} /Too
with T'oe = {( ﬁ) € Spy,(Z)}. To simplify, we write e(M) := > (M) for a square matrix M.
For n = 1, this is consistent with the usual notation in number theory. Since Sp,(R) = SL2(R), we
obtain the classical Kloosterman sum in that case. We have the celebrated Weil bound [Wei]

Ki(gtie)l =| Y el lqr )| < T(e)(eq 1) 2
z (c), (z,c)=1
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In this introduction, we consider n > 2. Since e(M) = 1 for a matrix M € Mat,,(Z), summing over
X(C) is well defined. Unless necessary, we drop the size of the matrices n from the notation.

For any C' € Mat,,(Z) with det(C') # 0, we have U,V € GL,(Z) such that UCV = diag(cy,...,¢n)
with ¢1 | -+ | ¢,. The integers ¢y, . . ., ¢, are called the elementary divisors of C' and they are unique.
The diagonal matrix is called the Smith normal form of C. We show in Section[2|that the dependency
of K(Q,T;C) in C is only in its elementary divisors. In particular, we have the trivial bound

(1.2) Kn(Q,T;0) < [[ e
=1

In the scalar case, when C' = ml,, the trivial bound is m™"*t1/2 Moreover, we can factorize the
sum with respect to the prime numbers dividing c,.

Let p be a prime and consider C of the form diag(p°?,...,p°") with 0 < oy < -+ < g,,. Our first
result is a non-trivial bound for Kloosterman sums when at least o, > 2. In the following theorem,

the notation (a, M, N) for integral matrices M and N means the greatest common divisor of a and
all the coordinates in M and N.

Theorem 1.1. Let p be a prime number and Q,T be two symmetric half-integral matrices.
(1) Let C =p°I, be a scalar matriz with o > 2. Let 0 = 2+ v with v = 0 if o is even and 1
otherwise. Then
Ko(Q,T:0) < p™™ (0", 2Q,2T)" (p", 2Q, 27)"/>.

(2) Let C' = diag(p”,...,p") with 0 < 01 < -+ < 0, and o, > 2. Let 0; = 2u; + v; with
v; =0 if o; is even and 1 otherwise.

Ko(Q,T;C) < [ [ o727 (0, 2Q5) (7, 2Q)) V.
i=1

Here Q) is defined as follow:

(a) If o, = 1, then Q. is the right block of Q of size n by s, where s is the smallest integer
with o5 > 1. In that case, p; = 0.

(b) If o, > 2, then Q) is the bottom-right block of Q of size s by s, where s is the smallest
integer with o5 = o;.

In both cases, the implicit constant only depends on the dimension n.

In Lemma [2.9] we show that the roles of Q and T' can be interchanged in the second bound. A
bound similar to Theorem was proven by Mérton, Téth and Zabradi in the case C' = pl,.

Theorem 1.2 ([MT, [TZ], to appear). Let p be an odd prime number and C = pl,,. We have
Ko (Q,T;C) < pr(mth/2=r/?
with v = max{rk, Q,rk, T} where the ranks are taken modulo p.

In their articles, they also show that their result is essentially optimal. A non-trivial bound for
K, (Q,T;C) was first proven by Kitaoka [Kit] for n = 2. Later, T6th proved square-root cancellation
for these sums |Tét], which is the best possible bound. Of course, for n = 1, the Weil bound already
gives square-root cancellation. With the result from Marton, Téth and Zabradi, this is the first
non-trivial bound for symplectic Kloosterman where n > 3. The symplectic Kloosterman sums
appear in many applications. In particular, Kitaoka introduced them, in the paper cited above, to
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bound Fourier coefficients of Siegel modular forms. We hope to return to the generalization of these
questions to Sp,, (R) in the near future.

An important proof strategy for us is to decompose the modulus C' into blocks of constant prime
powers. It leads to induction on the number of blocks and reduction of problems on coprime sym-
metric pairs with various congruences to problems on symmetric matrices and a unique congruence.
This is used in particular in Sections[@and[5} By a coprime symmetric pair, we mean the two bottom
blocks (C, D) of a symplectic matrix. See Proposition for equivalent definitions.

The proof of Theorem is essentially in three parts. For C diagonal consisting of powers of p,
we can suppose that A = D' is the inverse transpose matrix of D (mod p°) for (4 B) € X(C).
The proof starts by a p-adic stationary phase argument in Section [3|for C consisting of prime powers
larger than p. The challenge here is to combine the multiplicative structure of D? with its additive
structure, given by the fact C'D? is symmetric for a symplectic matrix. Then in Section 4] we split
C' into two blocks: C' = diag(pI,, C1) with prime powers in C larger than p. We split in the same
way all the other matrices appearing in the sum. After computing the block inverse, we restructure
the sum and can insert the results of the last section. The final result is given in Proposition [1.2]
The symplectic Kloosterman sum is now given by a Kloosterman sum with C' = pl;, a quadratic
matrix equation and two quadratic Gauss sums over matrices modulo respectively p Mats ,,—s(Z)
and C’' Mat,,_s(Z) with the elements in C’ equal to 1 or p, whether the corresponding prime power
is even or odd. In the second sum, there is an additional symmetry condition on the summed
matrices. Finally, in Section [§] we prove non-trivial bounds over the two Gauss sums and the
number of solutions to the quadratic equation. This relies in particular on a block decomposition of
C1 into different prime powers and a list of simpler matrix equations, for which we show non-trivial
bounds. We prove our theorem without appealing to Theorem thanks to the first Gauss sum
modulo p, that correspond to the top-right block of D. The bound for this sum gives us a large
enough win over the trivial bound for the ”p-part” of C' corresponding to its first block. The case
p = 2 is treated at the end of the section.

In this article, we develop a robust framework that allows for a square-root cancellation bound
with additional efforts. One would need to give better bounds to the matrix equations in Lemma
and in Case 1 of the proof of Proposition[5.5] compute the Gauss sum of Proposition [5.4] exactly
(this was done by Walling, see the remark after the statement) and compute the resulting sum
in W of Proposition [£:2] which is a slightly modified symplectic Kloosterman sum modulo p. The
improved bounds will depend on the rank of various blocks of the parameters @ and T'. Thus the
non-generic bound will be quite technical to state and use. In any case, this would be limited in
applications without a corresponding bound for a sum over C' = pI,, as in Theorem

In Section [6] we give an application of Theorem in the spirit of an article of El-Baz, Lee and
Strémbergsson [ELS|. Sums over a general C' can be factorized with respect to the divisors of its
elementary divisors. This is detailed in Section [2] We combine Theorems and [L.2] to get a general
bound. Then we apply it to the following equidistribution problem. Let T,, = X,,(R/Z) be the set
of n by n symmetric matrices modulo 1. Let C' € Mat,,(Z) be such that det(C') # 0. Consider

(é ;) c X(C)}.

Theorem 1.3. Let Cy € Mat,(Z) be such that det(Cy) # 0 and m € N. The set Spmo, equidis-
tributes effectively in T,, x T, = X, (R/Z)* as m — oco.

Sc = {(C"tAt,C‘lD) €T, xT,

A more precise statement with an explicit rate of convergence is given in Section [6] The case
n = 1 was presented in [EMSS].
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1.1. Notations. We denote the set of n by n symmetric matrices by X,,. If needed, we precise
the ring in parenthesis. Half-integral symmetric matrices are elements of X'(R) with half-integral
coefficients and integral diagonal. They correspond to quadratic forms.

Let M be a square matrix. We write e(M) := e*™*(M)_ Note that for a 1 by 1 matrix, this is
consistent with the notation frequently used in number theory. If M is invertible, we write M ~t for
the transpose of the inverse of M. For two square matrices M, N, we write M[N] := N*MN. Let
p be a prime number and M € Mat,,(Z) be an integral matrix (or a half-integral matrix if p # 2).
We write rk,(M) for the rank of the reduction modulo p of the matrix M. We write 0,, for the n
by n matrix with only zeros.

We will consider (half-)integral matrices modulo various sets. Since matrix multiplication is non-
commutative, we will always precise the full set for the reduction. For example, for a matrix C, we
write [C] := C' Mat,,(Z) + Mat,,(Z)C. We will consider matrices modulo [C] in Section

We write (a,...,a,) to denote the greatest common divisor between aq,...,a,. If some a; is
replaced by an integral matrix, we mean by this notation the greatest common divisor of all the
coordinates in the matrix and the rest of the a;. We write a | b to denote that a divides b and
(p®°, a) to denote the largest power of p that divides a. We use the Vinogradov symbols < and >,
with index to precise the dependency of the implicit constant if needed.

1.2. Acknowledgment. The author thanks Valentin Blomer and Arpéd Téth for their help and
guidance on this project. The research towards this paper was supported by the MTA-RI Lendiilet
“Momentum” Analytic Number Theory and Representation Theory Research Group.

2. ELEMENTARY PROPERTIES

2.1. Symplectic matrices. Let n be a positive integer. The symplectic group is
Spon(R) := {M € Maty,(R) | M*'JM = J}

with J = (_(}n Ig’). Unless stated otherwise, we always split elements of the symplectic group in
n by n blocks. We write Sp,,, (Z) for the set of elements of Sp,, (R) that have integral entries. We
write
T = {(Ig I)i) | X € Mat,,(Z) symmetric} C Sp,,,(Z).

Lemma 2.1. Let M = (4 B) € Mato,(R) be a matriz. The following are equivalent:

(1) M is symplectic.

(2) A'C and B'D are symmetric and A'D — C'B = I,,.

(3) AB! and CD! are symmetric and DA* — CB' = I,,.
Moreover, suppose that det(C) # 0. Then M is symplectic if and only if AtC' and CD? are symmetric
and DA — CB = I,,.

Proof. The first equivalences are direct consequences of the definition. For the last statement,
we only need to check that AB? is symmetric. Using the hypothesis above, we see that B! =
C~Y(DA! — I,,) and that AC~! and C~'D are symmetric. Then

AB' = ACTY(DA' - I,,) = AD'C™'A' - C7'A' = (AD' — I,,)C~'A' = BA".
O

Remark. Suppose we are given matrices A, C, D with C invertible and A‘C and C'D! symmetric.
There is a unique way to complete the blocks to a symplectic matrix (4 B) by setting B = (AD" —
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I,,)C~t. Moreover, if all the matrices are integral and AD? = I,, (mod Mat, (Z)C?), we get an

integral symplectic matrix (& B).

Definition 2.2. Let C' € Mat,, ,(Z) and r = rk(C). There exists matrices U € GL,,,(Z),V €

GL,(Z) such that
C/
rov=(© )

with ¢’ = diag(cy,...,¢.) and ¢1 | ¢a | -+ - | ¢. The matrix UCV is called the Smith normal form
of C' and the positive integers cy,...,c, are called the elementary divisors of C'. They are unique.
We have the formula

dl(C) =C1"""C;
where d;(C) is the greatest common divisor of all minors of size i in C.

Definition 2.3. A symmeltric pair (C, D) consists of two integral matrices such that CD? is sym-
metric. A coprime symmetric pair (C, D) consists of two integral matrices that are the bottom line
of an integral symplectic matrix (& ) € Spa, (Z).
Proposition 2.4. Let C, D be two square integral matrices of size n. The following are equivalent:
(1) (C,D) is a coprime symmetric pair.
(2) (D,C) is a coprime symmetric pair.
(3) C’Dt is symmetric and for all G € GL,(Q), G (C D) is integral if and only if G € GLy(Z).
(4)

4) CD? is symmetric and the greatest common divisor of all the minors of size n in (C’ D)
s 1.

A BY\. L .. [(—B —A\. .
Proof. (1) & (2): (C D) is symplectic if and only if < D C ) is symplectic.

(3) & (4): let (F 0) be the Smith normal form of (C' D). That is, there exists U € GL,(Z),
V € GLgy(Z) such that U (C' D)V = (F 0). Let G € GL,,(Q). Then

G (C D) is integral & GU'F is integral.
Note that (4) is equivalent to F' = I,,. If (4) holds, then G must be integral, so (3) holds. Conversely,
if (4) does not hold, then f,,,, # 1. Then the matrix G = UF~! is not integral and contradicts (3).

(1) = (3):if <é‘ g) is an integral symplectic matrix, then

G=G-I,=GDA" - GCB".
Clearly, if GC and GD are integral, then G is integral.
(3) = (1): See [Sie], Lemma 42. Alternatively (4) = (1) is proven in [New?2]. O
Lemma 2.5.
(1) Letp be a prime. If C is a diagonal matriz of the form diag(p®,...,p°") with o1,...,0p, >
1, then (C, D) is a coprime symmetric pair if and only if C*D is symmetric and p { det(D).
(2) If (A B) is a symplectic matriz, then (A, B), (A*,C"), (B',D") and (C,D) are coprime
symmetric pairs.
Proof.
(1) Let (C, D) be a symmetric pair. By Proposition (4), (C, D) is a coprime symmetric pair
if and only if one of its n by n minors is coprime to p. Since any minor with a column of C
is divisible by p, it is necessary (and sufficient) that (det(D),p) = 1.
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(2) This is clear since if (4 B) is a symplectic matrix, then so are
-C -D -Bt —-D! At Ct
A B )’ At ot ) \BY DY)

We can characterize elements of the double quotient
X(C) :=Tu\{(& £) € Sp2n(Z)}/Tc.
Proposition 2.6. Let C' be an invertible matriz. The set X (C) is in bijection with
X(C):={D (mod CMat,(Z)) | (C,D) coprime symmetric pair},
by sending a matriz to its bottom-right block D.
Remark. This proves Equation .

Proof. Clearly (C, D) must always form a coprime symmetric pair. We check which pairs are in the
same class in X (C). Suppose first that det(C) # 0. We show that if we have two matrices with

equal bottom blocks,
A1 B1 AQ 32
c D)'’\C D)’

then they are equivalent in I'\ Spy,, (R). We have
A\D' — BiCt = 1I,, AsD' — BoCt =1, = (A, — A3)D' = (By — By)C".
So By — By = (A} — A2)D!C~t = (A; — A3)C~D. Then
(A1 — A2)C™' (C D) = (A1 — Ay By — By) € Maty, 2,(Z).

By Proposition X = (A; — A3)C~! € Mat,(Z) and we also have XD = B; — B,. Note also
that X is symmetric. Then

I, X\ (A B\ (A +XC B +XD\ (Ay B,
)\c p)~ c D “\c b))

Now, let (& B) € Sp,,,(Z) and X;, X2 € X,(Z). We have

In X1 A B In X2 o * *
I, C D I,) \C CXy;+D)’

So two matrices are in the same class in X (C) if and only if their bottom-right block is equal
(mod C Mat,(Z)). O

2.2. Factorization of Kloosterman sums. In this section, we reduce the study of the Kloost-
erman sum to the case where C is a diagonal matrix consisting only of prime powers. The two
following lemmas are generalizations to n > 2 of Lemmas 1, 2 and 3 in [Kit]. The proof is similar,
except for the bijection f in Lemma [2.8] where we give more details.

Lemma 2.7. Let C € Mat,(Z) be an invertible matriz and Q,T be two symmetric half-integral
matrices. Let U,V € GL,,(Z). Then

Kn(Q.T;C) = Ko (QUL, TV, U'CV).
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Proof. Let X(C) be the double quotient as above. Then
vt Vv
( Ut> X(C) ( V‘t> = X(U'CV).

More precisely, the above equation defines a bijection between the two sets. This is because the
matrices (U71 Ut) and (V V,t) normalize T's, since U,V € GL,(Z) and because

U A B\ (V _(U~tAv U-'BV
vt)\C D v-t)—\utcv U'DvV~t )"
Since this identity can be reversed, we have a bijection between X (C) and X (U*CV'). The lemma
is then established by invariance of the trace under conjugation:
KQULTVEU'CY)= 3 e(AU'CV)T'QUI+ (U'CV) ™' DTIV))
(& B)exwrev)
= > e(UTtAV)UtCV)TIQIU] + (UCV) TN (U DV HTV])

)eX(C)

= > e(ACT'Q+CT'DT).

Qs
oW

O

Lemma 2.8. Let C = FG € Mat,(Z) be invertible diagonal matrices in Smith normal form with
(fans Gnn) = 1. Let r,s € Z be such that v fpn + $Gnn = 1. Let Q,T be two symmetric half-integral

matrices. Then - -
Kn(Q,T;C) = Ky (Q[G], T; F) - Ky (Q[F], T;G),

where F =1fp, F~! and G = sgn,G~".

Proof. Note that FF+GG = I,,. First, we show that we have a bijection f : X(C) — X (F) x X(G)
given by
(2.1) A B . GA GB-FA'D FA FB-GA'D
' C D F GD "\ G FD ’
Suppose that (& B) € Sp,,(Z). Then A'GF = A'C and (B'G — D'AF)GD = sg,,B'D —
rscpnD!ACT'D are symmetric matrices. We used that C, F and G are diagonal. Moreover
A'GGD — F(GB — FA'D) = 8g,nA'D — CB + rfn, A'D = A'D — C'B = I,,.

So the first component on the right-hand side of Equation (2.1) is in Sps,(Z). The second is as
well, since we can exchange the roles of F' and G. Conversely suppose that the right-hand side of
Equation (2.1)) is in Sp,,(Z) X Spy,(Z). To construct the inverse, consider a pair

((éF gi) ’ (? 22)) € Spy,,(Z) % Spa,(Z)

It inverse image (4 B) is given by
A=GAp+FAs, C=FG, D=GDp+FDg,
B =2FGA'D + GByr + FBg.
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It is clear that this is an inverse for f. We need to check that f and its inverse are well defined,
i.e. they factor through the double quotient. By Proposition we only have to check the bottom
lines of the maps. We have

x % I, X\ [=x * * * * *
C D 1,) ~\c p+rcx) 7 |\F Gp+ccx) \¢ Fp+Fox)|

Since GCX = s5¢p, FX and FCX = rf,,GX are multiples of FX respectively GX, theses are
matrices equivalent to the images of (& j;). Conversely, we have

* * * * * *
[(F Dr + FX> ’ <G D + GY)} ~ (FG GDr + FDg + FG(X + Y)> '

The image is clearly in ( Fg ¢ppirpe ) oo

Therefore f has an inverse and is injective. Since X (C') and X (F') x X(G) are finite, it suffices to
show that they have the same cardinality to sh(~)w that f is bijective. Let X (C') be as in Proposition
We have a function g : X(C) — X(F) x X(G) given by D — (GD, FD). This is a restriction
of f to the bottom-right block. Its inverse is

(Dp,Dg) = GDp + FDg.

If (C, D) is a coprime symmetric pair, so is (GC, GD). Conversely, let D = GDp + FDg. Clearly
CD? is symmetric. We need to show that (C, D) is a coprime symmetric pair. We show that the
rank modulo p of (C’ D) is n for all primes p. Meaning that the greatest common divisor of all
minors of size n in (C D) is coprime to p. By Proposition this is equivalent. If we multiply
(C’ D) on the left or on the right by a matrix M with p t det(M), then the rank modulo p does
not change. Suppose that p{ gn,. Then

I,
If p | gnn, we do the same with F instead of G. This show that ¢ is a bijection and that X (C) and
X (F) x X(G) have the same cardinality. Therefore f is also a bijection.
Finally, we compute
K@QT;C)= > e(ACT'Q+C'DT)
(& Blex©
= > > e((GAp + FAG)(FG)'Q + (FG) " (GDp + FDg)T)
Dh

)eX(F) (AGG LB,g )ex(c)

ik, (C' D) =rk, (G (FG GDr + FDg) (I" _GDG)> =1k, (F Dr) =n.

— 3 e(GApF'G7'Q + F~'DpT)
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> e(FAGF'G™Y(FF +GG)Q + G 'DgT)

(AG pe)ex(@)

G Dg
= > e(ApF1Q[G) + F~'DpT) > e(AgGIQ[F) + G™'DgT)
(% Br)exm Ag 58 )ex(@)

e(GARGT'FQ + FAGF'GQ)
In the final line, since Ar = GA and Ag = F'A, we have
e(GARGT'FQ+ FAGF'GQ) = e(5g0n AGT'FQ + £ AFT1GQ) = e2AFGQ) = 1.

We conclude that - -
K(Q,T;C) = K(QIG), T: F) - K(QIF), T; G).
O

Lemma 2.9. Let C € Mat,(Z) be an invertible matriz and Q,T be two symmetric half-integral

matrices. Then
Kn(Qa T; C) = Kn(T7 Q; Ot)

Proof. Note that (4 B) € Sp,,(Z) if and only if (Dt’ Bt’) € Sp,y,,(Z). This defines a bijection

cD ¢ At
X(C) = X(C") because for a symmetric matrix X € ;(2), we have
I, X\[/A B A+ XC B+ XD Dt BY\ (I, X
(" 2)(e o) = (" 7)o (@ ) ()
<A B) <In X)(A AX+B> . (In X) <D75 Bt)
C D I, C CX+D ) \ct at)-
Then we get
K(Q,T;C") = > e(ACT'Q + CtDT)
(¢ p)exen
= Y epicTtQ+CTAT)
(& B)exc)
= > e(CT'DQ+ACT'T)
(& B)exc)
= K(@Q,T;0)

Applying Lemmas 2.7 and 2.8 we can reduce to a matrix C' of the shape
p7

p°?
C =

pa'n
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with 0 < o7 < --- < 0,. We make this more precise in the proof of Proposition With such a C,
the set X (C) is in bijection with

di dq2 o dip o
- P72 7% do dao <o dap Vi<j
(2.2) X(C):={D= . . . dij (mod p7%),
B B o (det(D),p) =1
pan 71 dln pU” 72 d2n e dnn

If 0; =0, we fix d;; = 1 and d;; = 0 for ¢ < j. This is direct from Proposition and Lemma
Therefore

n
X)) < []pt" 0
i=1
This prove the trivial bound ([1.2)) in the case of a matrix C of the shape diag(p°*,...,p").

Definition 2.10. Given a matrix D € X(C), we define D = dadj(D) where ddet(D) = 1
(mod p?") and adj(D) is the adjugate matrix of D. Then DD = DD = I,, (mod p°~ Mat,(Z)). In
particular, the matrix B = C~1(DD — I,,) is integral and we have

([g g) e X(O).

Note also that (C, D) is also a coprime symmetric pair. Finally, we conclude that

(2.3) K@QT;C)= > e(ACT'Q+C7'DT)= > e(C'DQ+C™'DT).
(é[B))EX(C) DeX(C)

To close this section, we consider a degenerated case.

Proposition 2.11. Let C = diag(ls,p+t,...,p") with o541 > 1. Let Q and T be half-integral
symmetric matrices. Let Qs,T5,Cs be the n — s by n — s bottom-right block of respectively Q, T, C.
Then

Kn(Q,T;C) = Ky, —5(Q3,T3; Cs).
If s = n, we interpret Ky as 1.

Proof. Recall that if D € X(C) with C' as in the proposition, then dij = 0;; fori <sorj<s. We
have a bijection X (C3) — X (C) given by

1,
D3 — ( D3) .

Moreover, if D3A% = I,,_¢ (mod C3Mat,(Z)), then

I I i
( D3> ( A3) =1, (mod CMat,(Z)).
Then

" ((IS A3> o <gé g§> +07! <IS D3> <%t %)) = tr (4305 ' Q3 + C5 ' D3T3)

and K,(Q,T;C) = K,—s(Qs3,T5; C3). -
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3. TAYLOR EXPANSION ARGUMENT

In this section, we consider the case C = diag(p®,...,p°") with 2 < gy < --- < g,,. Our goal is
to prove Proposition [3.4} The proof’s strategy is to do a finite Taylor expansion of the coefficients
with respect to smaller prime powers (also known as p-adic stationary phase). Recall Equation
(2.2) and Definition Let p; = [%] for i = 1,...,n and C = diag(p™,...,p"). Given a
fixed D; € X(C), we consider all the D € X(C) such that D = D; (mod C Mat,,(Z))). We write
D = Dy + CD,. Clearly, we have

CDyC = (D — D;)C = C(D' — D!) = CDLC.
So (CC~1,D,) is a symmetric pair. Let D! as in Definition Our first goal is to construct,
given C, Dy, Dy, a symplectic matrix (4 B) from any D = D; (mod C Mat,(Z)) such that (C, D)
is a symmetric pair and with an explicit formula for A = D}. First, we prove a small but very useful
lemma.

Lemma 3.1. Let F = diag(p™,...,p%) and G = diag(p ..., p"") be two diagonal matrices with
increasing prime powers on the diagonal and H be an integral matriz such that (F, H) is a symmetric
pair. If for all i > j
bi—bj §ai—aj,
then G"YHG 1is an integral matriz.
Proof. Since FH* = HF, the matrix F~'HF = H? is integral. That is, for i > j
P | hij.

Since b; — b; < a; — aj, we have that G"'HG is integral as well. O
Lemma 3.2. Let D1,D, € Mat,(Z) be such that (C,D1) is a coprime symmetric pair and
(CC™1, Dy) is a symmetric pair. We have the following congruences:

p(C’Dng)z =0 (HlOd C’Matn(Z)),

(CDyD;1)? =0 (mod C Mat,(Z)).
Proof. Recall that (C, D;) is also a coprime symmetric pair. For all i > j, we have

< oi—oj e [ﬁw < {ﬂw

Hi=Hy =007 0; 2 1 =12

By Lemma the matrix C~'D;C is integral. Moreover (CC~', Dy) is a symmetric pair, so
DyD,C = D,C(C~*D,C) = CCIDY(C~1C*(C~1D,0).
We get o o -
(CDyD1)? = CDY(CIC*H(C'D,C) Dy Ds.

Note that everything in the above equation is integral except the product C~1C2. The k-th coeffi-

cient of the diagonal matrix pC”lé'2 is 2ux — ox + 1 > 0, so the matrix is integral. In conclusion,
for some matrix M € Mat,,(Z), we have

p(éDng)z =CM

and the congruence holds. For the second equation in the proposition, since every power of p in C
is at least one, we can write

(CDyD1)? = p(CDyD1)?(p~ CDyDy).
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By the first equation, this is in C Mat,,(Z). O

Lemma 3.3. Let Di,Ds € Mat,(Z) be such that (C,D1) is a coprime symmetric pair and
(CC~1, D) is a symmetric pair. Write D = Dy + C Dy and

At = Dy (I, — CDyD; + (CD3yDy)?).
Then Bt = C~Y(DA! — I,,) is an integral matriz and the matriz

(é g) )

Proof. By the discussion at the start of this section, we know that (C, D) is a symmetric pair. By
Lemma [2.1] we need to prove two things: (1) A'‘C' = C*A. (2) B! is integral. First, since (C, D)
and (CC~!, Dy) are symmetric pairs, we have

CDy,D,C = CD,CD! = CDLCDE.
Therefore
A'C = Dy(I,, — CDyDy + (CD2D1)?)C = CD (I, — DYCD! + (DLCDY)?) = C*A.
Next, recall that DDy = I,, + CBt. We compute
DA" = (Dy + CD2)Dy (I, — CD2 Dy + (CD2D1)?)
= (I, + CDyDy)(I,, — CD3yDy + (CDyD1)?) + CBL (I, — CDyDy + (CDyD1)?)
= (In + (CD2D1)*) + CBi(I,, — CD2 Dy + (CD2Dy)?)
By Lemma (CDyD1)? =0 (mod C Mat,(Z)). In conclusion, B* is integral since
DA" =1, (mod CMat,(Z)).

Let D; € X(C). We consider the set
{DeX(C)|D=D; (modC Mat,(Z))}.

By the discussion at the start of the section, the matrices in this set are exactly the matrices of the
form D; + CD, for a matrix Dy (mod CC~! Mat,,(Z)) such that (CC~1, D,) is a symmetric pair.
By Lemma [3.3] we have a bijective map

X1(C) x X2(C) = X(C),
(D1, D3) + Dy + CD;
with X;(C) a set of representatives of the matrices in X (C) modulo C' Mat,,(Z) and
X5(C) ={Dy (mod CC~*Mat, (%)) | (CC~!, Dy) symmetric pair}.
Moreover, given a pair (D1, D3), a corresponding symplectic matrix in X (C) is (é D, :é Dz) with
At = Dy (I, — CDyD;y + (CDyDy)?).
We can now split K(Q,T; C) into two sums over X;(C) and X5(C). We have

K(@QT;C)= Y e(C'A'Q+C™'DT)
DeX(C)
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= Z Z e(C_lDl(In — CDyD; + (6D2D1)2)Q + C_l(Dl + CDQ)T)
D1€X1(C) D2€X2(C)
= > e(CT'DiQ+CT'DiT)
DleXl(C)
> e(CT'Dy(=CDyDy + (CD2D1)*)Q + C~'CD,T)
DgEXz(C)
= Z e(C'D1Q +C7'DiT)
DleXl(C)
(3.1) .Y e(CTICDL(T - D1@QDY) + D{CTH(CD2D1)?Q).
DQEXQ(C)
On the last line, we used again that is a symmetric pair. Note that
pDiCil(éDQDl)zQ € Matn(Z)
by Lemma [3.2] We can be more precise. By Lemma 3.1} the matrices C~1D;C and C=*C'D,CC~!
are integral. We compute
C~Y(CDyD,)* = DLC~'CD,CD,D,
= DL{(C71C*)(C'D,C)Dy Dy
(3.2) = DL(CICD,CCH(C7IC?) Dy Dy
We write Dy = Dy 1 + CC~'_2D2)2. By Equation (3.2)), we have
G(Dicil(éD2D1)2Q) = B(Dicil(C’DQ’lDl)QQ),
because any factor with Ds 5 is integral.
We have a bijection Dy + Dy 1 + CC~2Ds 5 between the summand sets Xo(C) — X51(C) x
XQ’Q(C) with
X21(C) ={Dy1 (mod CC~2Mat,(Z)) | (CC™1, Dy ) symmetric pair},
X22(C) ={Dyy (mod CMat,(Z)) | (C, Dy) symmetric pair}.
Therefore, we showed that in Equation (3.1)), the sum over X5(C) can be rewritten as
> e(CT'CDy(T-D1QDY)+DIC™H(CDn D1)’Q) Y. e(CT'Dan(T—D1@QDY)).
D>y EX2,1(C) D2,2€)22,2(C)

Suppose here that p # 2. Applying Lemmathat we will prove in Section the sum over X272(0)
vanishes unless

T = D,QD! (mod [C])
where [C] = C' Mat,, (Z) + Mat,,(Z)C. If the congruence holds, then all the terms are 1 and the sum
is

aa(0)] = T4
=1

In conclusion, we showed the following in this section.
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Proposition 3.4. Let p be an odd prime. Let C = diag(p®*,...,p°") be a matriz with 2 < o1 <
- < op. Following the notation introduced in this section, we have

K(Q,T;C) Hp(” i > e(C™'D1Q + C'DyT)
D1 6)21 (C)
T=D:QDj ([C])
> e(CT'CDy (T — D1QDY) + DIC(CD21 D1)?Q).
D3 1€X51(C)
In this section, we consider the case C' = diag(p?*,...,p") with 2 < o7 < --- < g,. Our goal is
to prove Proposition 3.4l The proof’s strategy is to do a finite Taylor expansion of the coefficients

Wlth respect to smaller prlme powers (also known as p-adic statlonary phase). Recall Equation
and Definition Let ; = |%] for i = 1,...,n and C = diag(p™,...,p"). Given a

ﬁxed D, € :X(C), we con51der all the D € X(C) such that D = D; (mod C‘Matn(Z))). We write
D = Dy + CD,. Clearly, we have

4. BLOCK DECOMPOSITION

In this section, we consider C' = diag(p°,...,p°") with 07 > 1 and o, > 2. Our goal is
generalizing the results of Section [3|to the case o1 = 1. The idea is to write

_ (I
=" ¢)

with all the prime powers in C; being at least p?. For this section, we fix s as the larger index such
that os = 1. We decompose all the matrices appearing in our sum with respect to the blocks of C,

that is 01 O T
_ 1 2 _ 1 2
©= (Qé Qs)’ r= (th Tg)

with Q; and T} blocks of size s by s. For a matrix D € X(C), we write

W X
=V %)
with W a block of size s by s. Since (C, D) is a coprime symmetric pair, we have
pW  XCi\ _ B ¢ [ pWt  pY!
(4.1) (pY ch> =DC=CD"'= OXt Cy7t)

In particular, W is symmetric and Y = p~'C; X" is equal to 0 (mod p Mat,,_ s(Z)). Thus det(D) =
det(W)det(Z) (mod p) and p t det(W),det(Z). We also see that (pIs, W) and (Cy, Z) are coprime
symmetric pairs.

We want to compute the inverse of D modulo a high-enough prime power.

Lemma 4.1. Let (C,D) be a coprime symmetric pair with D = (Y ) € Mat,(Z), where W a
block of size s by s. Let U = Z — YW X be the Schur complement of W. Then (C1,U) is a coprime
symmetric pair and

A (WHWXOYW —WXU
- —UYW U
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is such that DA' = I, (mod C Mat,(Z)). Moreover (At,C) is a symmetric pair and, with Bt =

(DA — 1,,)C™, we have
A B

Here, W and U are as in Definition [2.10,
Remark. The shape of A* comes from the inversion formula for block matrices.
Proof. Since Y = p~1C1 X" =0 (mod pMat,,_s (Z)) by Equation (£.1]), we have
det(U) = det(Z) #0 (mod pMat,,_4(Z)).
Note that if W is symmetric, so is W. By Equation , we get
UC, = (Z-YWX)C, =Cy(Z" — C1 X'W'YY) = C, U
So (C1,U) is a coprime symmetric pair. Let U be as in Definition We have two symplectic

matrices . -
w BW U BU
<]9]s 1% > € SPQS(Z)’ (Cl U > € Sp2(n—s)(Z)

In particular WW = I, + pBY, and UU = I,,_s + C1 B;. We compute

pat = (W X W+WXUYW —-WXU
T\Y U+YWX -UYyw U
. Io+pBl+(Is+pBy ) XUYW - XUY W —(Is+pBiy ) XU+XU
YWAHYWXOYW —(I,—s+C1 B)YW-YWXOYW —~YWXU+I,_s+CiBL+YWXU

_ (Is+pBjy (I, + XUYW)  —pB{, XU
n —C1BLYW I,_s+ C1 B
=1, (mod CMat,(Z)).
By Lemma we only need to show that (A%, C) is a symmetric pair to conclude the proof of
the theorem. Applying Equation (4.1), we get
gte - (POV+WXUYW) —WXUCy\ _ (p(W'+ WY'U'XW!) —pW YU _
a —pUYW Ucy N —-CL Ut Xtwt CU* -
O
Let D = (W ¥) € X(C) be a matrix modulo C Mat,,(Z) such that (C, D) is a coprime sym-
metric pair. Then W, X and Z are matrices modulo respectively p Mat,,(Z), pMats ,—s(Z) and
C1 Mat,,_s(Z) and Y is determined by Y = p~1C; X*. It is easy to see that U = Z — YW X is also
a matrix modulo Cy Mat,,_,(Z). We saw at the beginning of this section that (pI,, W) and (C1,U)
are coprime symmetric pair. Thus we get matrices W € X (pl;) and U € X(C7). We get a bijection
X(C) — X(pI,) x Mat, ,_s(Z/pZ) x X(C1),
w X
Y Z

with the inverse map given by Lemma 4.1

) — (W, X,Z - YWX),

(W,X,U)»—)(p w X >

-1, Xt U+YWX
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We can now compute the Kloosterman sum with respect to these sets. Using Y = p~1C; X ¥, we
have

K(Q,T;C)= Y e(C'DQ+C™'DT)
DeX(C)
p 1, W+WXUYW -WXU\ (Q:1 Q
= 2 > 2 e(( 01>< —UYW v )(Qé Qi)

WeX (pl,) X (pMate,n—(Z) UeX (Ch) !

N p I, w X T Ty
cil)\Yy U+YWX)\T: Ty

= > e(p'WQi+ WXUYWQ, — WXUQ, + WTy + XTj])
w,X,U
e (CT-UYWQa+UQs +YTo + UTs + YWXT3)).

Note that the size of the matrices is not the same on the last two lines. Since all the prime power
in C; are at least p?, we have

e(p ' WXUYWQ,) = e(WXU(p™2C1)X'WQ,) = 1.
Note also that, since W is symmetric, we have
e(—p ' WXUQY) = e(-WY'CTIUQ}) = e(=Cr ' UQRWY?),
e(CTYTy) =e(p ' X'Ty) = e(p ' XTY).
In conclusion, we have
K(QT;0)= Y e(p ' [WQi+WTi +2XT3])
W,X,U
(4.2) e (CT-UYWQ2+ QWY +UQs + UTs + YWXT3]) .

The sum in U is a Kloosterman sum, similar to the one in the last section. The matrix C; has all
its prime powers larger or equal to p? and

Su= Y e(Cr'UQs—YWQy— QsWY') + Cr'UTs) = K, _o(Q, T5; C)
UEX(Cl)

with Q = Qs — (YWQs + QLWY?) (note that this is symmetric). Applying Proposition and
adapting the notation there, we get

Su = H p(n_i—i_l)m Z 6(0{1016? + CflUng)
i=s+1 U1€X1(C1)
T3=U:QU} ([01])
Y e(Cr iU (T — ThQUY) + ULCy N (CU21U1)*Q).
Uz, 1€X2,1(Ch)
Since Y = p~1C1 X* and (C1U;) is a coprime symmetric pair, we have
Ulc?(_]f = ﬁngﬁl —p_lClﬁthWQQUf —p_lﬁlQéWXﬁlCl.
Note that B - - B o R
p LCLUIXTW QUL + p U1 QW XU Oy € [C4]
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since the prime powers in C; are all at least p?. Using that (Cléf17 Us,1) is a symmetric pair and
Lemma we can also replace @ by (3 in the second line of the equation for Syy. We get

H p(n7i+1)ui Z e(C’l_lUng +Cl_1U1T3)€(*Cl_101(YWQ2 L QLYY

i=s+1 UleXl(C1)~

T3=01Qs0} ([C1])
Z e(Cy ' C1U»1 (T — UhQsUY) + ULCy M (CU21U1)*Qs).
Uz, 1€X2,1(Ch)
Finally, we insert Sy in Equation (4.2). We get
K(Q,T;C) = Z e(p™'WQ +p W) Z e(2p ' XT)e(CT'YWXTs) - Sy
WeX(pls) X (pMats,n—s(Z))

I o N7 e ' WQu +p ' W)

i=s+1 wWeX(pl.)

Z e(Cr Qs + Cy 'L T)
U16X1(C1)
5=U1Q3U} ([él])

> e(2p ' XTE + XT5Y W )e(—2C U, QLW YY)
X (pMats,n—s(Z))

Z e(Cy 1 C1Uz 1 (T — UhQsUY) + ULCT H(CU2 1 U7)2Q3).
Uz 1€X2,1(Ch)

We used that e(—C;'UYWQ2) = e(—C;'UQLWY?). Replacing Y by p~'C1 X* in every occur-
rence, we proved the following.

Proposition 4.2. Let p be an odd prime. Let C = diag(p®*,...,p°") withoy =--- =05 =1 and
2< 0541 < -+ <oy Following the notation introduced in this section and the one before, we have:

K(Q,T;C) H pn—i+ D Z e(pIWQi +p W)

i=s+1 weX(pls)
Z 6(01_101623 + C;1U1T3)
U1€)~(1(O1)~
T3=U01Q3U} ([Cl]>
> e(2p ' X (T3 — U1 Q5W) + p ' XT3 X'W)

X (pMats,n—s(2))

Z e(Cy ' C1U 1 (Ts — U1QsUY) + ULCy H (C1U21U1)*Qs).
Uz, 1€X2,1(Ch)

Remark. If s = 0, we make the convention that the sums over W and U; are equal to 1. Then the
above result generalizes Proposition

We close this section by considering the degenerate case where all coefficients are divisible by p.
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Proposition 4.3. Let Q and T be half-integral symmetric matrices such that (Q,T,p) # 1. Let
C = diag(pls, Cs) with prime powers in Cs larger than p (potentially s =0). Then
K.(Q,T;C) = |X(pI,)| - p" = tD/2 K (p7' Qa,p™ ' Tasp ™" C)
= [X(pI,)| - "R LK (7 Qp T T p T O)
(with | X (pIo)| =1.)
More generally, let o, = min{o;, k} and Cy = diag(p”**,...,p7*). Consider the largest k
such that C’@%Q and C@;T are integral. Let s be the largest index such that o5 < k. Then

|Kn(Q, T;C)| < [[ " 070% - | Ko (07" Q3,0 T3 p~ )
i=1
where Q3,15,Cs are the bottom-right blocks of sizen —s by n —s of resp. Q,T,C. If s = n, we
interpret Ko as 1.
Proof. By Equation ([4.2), following the notation there and using that Y = p~1C}; X?, we have
Ko(Q,T5C) = > e(p ' [WQi + WT +2XTj))
W,X,U
e(CTH—20YWQq +UQs + UTs + YW XT3))
= Y (O HUP™'Qs) + (pCyHU (™' T3))
W,X,U
I X(pI)|-p ™ Y e((pCr U™ Qs) + (pC U (0™ T5)).
UGX(Cl)

Note that X (p~'C1) is a set of representatives for the matrices in X (C1) modulo (p~'C1) Mat, _(Z).
We write U = Uy + p~1C1U, with U; € X(p~1C}) and
Us € X5(C1) = {U (mod pMat,,_(Z)) | (C1,U) symmetric pair}.

Similarly to Lemma we have U = Uy (I,,_s —p~*C1UxU;) (mod C; Mat,,(Z)). Then the remain-
ing sum over U is

> > O Qs) + (pC7T UL (P T))
UreX(p—1C1) UseX4(C)
= pn) (=t D2 ) (0 Qs p T p 0.
This proves the first part of the first equation. The second part follows by Proposition Note
that the above computation is also valid if s = 0. In that case, the sums over W and X are empty
and we get
Ko (Q,T;C) = p"" V2K, (p71Q,p ' T;p ' C).
Let k be the largest integer such that C}; 'Q and Cr T are integral and let s be the largest index
such that o5 <k (s =0if oy > k). If s =0, by induction on the above, we have
En(Q.T:C) = p"" T UM2K, (p7*Q.p™ " Tip™"C).

Therefore the second result of the proposition is true in that case, since o, = k for all i. Suppose
that s > 1. Let s; be the largest index such that o5, = o;. Applying the above equation with
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k =01 — 1 and the first result, we get
Ko (Q,T;C) = pmrt D=V X (pI,, )| pn o)t t DR K, (p= 1 Qy,p™ 7 Ty p~ 72 C3)
< VK, (077 Qpm T T, T CY),
with Q%, T4, C% the n— s1 by n— s; bottom-right block of resp. @, T, C. By induction on n, we have

Ko (Q,T:C) < pn(n+1)a1/2 H p(n7i+1)(ai,1«701) . |Kn_s(p7kQ3,p7kT3,p7kC'3)| ’
1=s1+1

=[[p" 7k | K s(p*Qs,p~ T, p7*C)
i=1

since o1 = oy, for ¢ < s1. O
5. MATRIX GAUSS SUMS AND A COUNTING PROBLEM

In this section, we finalize the proof of Theorem by giving non-trivial bounds for exponential
sums and a counting problem appearing in the last two sections. More precisely, we will consider
the following elements of Proposition [4.2}

(1) The sum over W is bounded trivially, except in some cases. More details are given in Remark

(2) after Proposition
(2) The sum over U; contains a quadratic equation. We bound the number of solutions in

Proposition [5.7]
(3) The sum over X is a Gauss sum over matrices. We bound it in Proposition
(4) The sum over Us ; is a Gauss sum over coprime symmetric pairs. We bound it in Proposition

Before that, we state two lemmas about cancellations of full matrix sums. We also consider multiple
simple matrix equations in Lemma [5.3]

From now, we suppose that p # 2 is odd. In particular, half-integral matrices can be seen as
integral matrices since 2 is invertible modulo p. We state Propositions and in a way
that is true for all p, but only prove them for p # 2. We consider the case p = 2 at the end of the
section.

Lemma 5.1. Let m,n be two positive integers. Let C = diag(p°!,...,p°™) and let A be an by m
integral matriz. We have

Z G(CilXA) = 5A:O (Mat,, 1 (Z)C) det(C)”
X (C Mat, n(Z))
Proof. Let X = (z;;) and A = (a;;). We have
tr(CilXA) = Z Zpiail'ijaji.
i=1j=1
For fixed ¢ and j, the sum over z;; is a complete character sum. It is 0 unless
0= p_‘”aji = (AC_l)ji (HlOd 1)

In conclusion, the full sum is 0 unless AC ™' is integral. In the latter case, all the summands are 1
and the sum is equal to the size of the sum set. O
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Lemma 5.2. Let p be an odd prime. Let C = diag(p°?,...,p") with 0 < o1 < --- < 7, and let
A € Mat,(Z). We have

Z e(CilDA) =044 at—0 (i Hp(nfiJrl)ai

D (CMaty,(Z)) i=1
(C,D) sym. pair

Proof. Let X = (z;;) and A = (a;;). We have
CT'XA) = Z P~ 7 wij(agi + aij) + Zp_ail“n'aii-

i,j=1 i=1
1<j

For fixed ¢ < j, the sum over x;; is a complet character sum. For ¢ < j, it is zero unless 0 =
p~ % (ai; + aj;) (mod 1) for all 1 < ¢ < j < n. For ¢ = j, it is zero unless 0 = p~%a;; (mod 1).
Since p # 2 and C has increasing prime powers on the diagonal, this is equivalent to 0 = a;; + a;;
(mod p™ir{eioi}) for all 1 < 4,7 < n. That equation is the same as

0=A+A" (mod [C]).

In conclusion, the full sum is 0 unless the equation above is true. In the latter case, all the summands
are 1 and the sum is equal to the size of the sum set. O

The following lemma is about various matrix equations. We prove non-trivial bounds for the
number of solutions, but do not try to get the best possible result. Since p is odd, it is equivalent to
consider half-integral or integral matrices. We state the lemma for the former, since these matrices
will appear in the applications.

Lemma 5.3. Let m,n, k be positive integers and let p be a prime number.

(1) Let T € Maty, n(Z) and Q@ € Mat,(R) be a half-integral matrices with (p,Q) = 1. The

number of matrices U (mod p* Mat,, (Z)) satisfying the equation
T=UQ (mod p*Mat,,,(Z))

is O(pFm(n=1),

(2) Let T € Mat, n(Z) and Q € Maty, ., (Z) be a matriz with (Q,p) = 1. The number of
symmetric matrices U (mod p* Mat,,(Z)) satisfying the equation

T=UQ (mod p*Mat,(Z))

is O(pkn(n—l)/2)'

(3) Let T € Mat,(R) be a half-integral symmetric matriz and D = diag(di,...,dn) be a
diagonal matriz with p ¥ d;, ¢ = 1,...,m. Suppose that m > 3 or that m = 1,2 and
(p,T) = 1. Then the number of matrices U (mod p* Mat,, ,,(Z)) satisfying the equation

T =UDU' (mod p* Mat,(Z))

is O(p*(" =", Remark: a more precise result was proven by Carlitz [Carl] for finite fields.
(4) Let T € Mat,(R) be a half-integral symmetric matriz and D = diag(dy,...,d,) be a diago-
nal matriz with p1 d;, i = 1,...,n. Suppose that n > 4 or that (p,T) = 1. The number of
symmetric matrices U (mod p*X,,(Z)) satisfying the equation
T =UDU (mod p* Mat,,(Z))

is 0(pkn(n71)/2) .
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(5) Suppose that p is odd. Let T € Mat,(R) be a half-integral symmetric matriz and Q €
Mat,, 1, (Z) with (p, Q) = 1. The number of matrices U (mod p* Mat,, ,,(Z)) satisfying the
equation

T=QU'"+UQ" (mod p*Mat,(Z))
is O(p*™("=1)). Remark: a variant of this equation with symmetric U is considered in Case
1 of the proof of Proposition[5.5

Proof. We start with a preliminary claim. Let v,(z) be the minimum between the p-adic valuation
of # and k. Note that the number of z (mod p*) with valuation at least v € R>q is O(p*™?).
Claim: the number of solutions of the equation 22 = a (mod p*) is bounded by O(p¥»(®)/2).

Proof of Claim: note that if @ = 0 (mod p*), then the solutions of the equation are the x with
vy(w) > k/2. Suppose that a # 0 (mod p*). Write a = p"b and z = p°y with r = v,(a) and
s = vp(x). Clearly, we must have r = 2s. Then b = y? (mod p*~2%). The number of solution of this
equation with p { b is bounded (it is at most 4 for p = 2 and at most 2 otherwise). Let yo be such
a solution (if it exists). Then x = p*(yo + p*~2%y;) for some y;. The different values possible for y;
are 0,...,p° — 1.

Now, we prove the statements (1)—(5).

(1) Since (p,Q) =1, there is 1 < kg, jo < n with p{ gx,j,- Let 1 < i < m. We have
n
tij, = Z UikQrj, (mod p").
k=1

Fix u;x (mod p*) for 1 <i < m and k # ko. Then wuy, is given by the equation above since
Qko,jo is invertible. In total, we have at most O(p*™(»=1)) solutions.

(2) Since (p,Q) =1, there is 1 < ky < n, 1 < jo < m with p { gx,j,.- By multiplying on the
right by a permutation matrix, we can suppose without loss of generality that jo = m. Let
1 <i < n. We have

n
tim - Z Uik Gkm (mOd pk)-
k=1

Recall that U is symmetric so u;, = up;. Fix ug, (mod p¥) for i,k # ko. Then u;z, (mod p*)
is fixed by the above equation for ¢ # kg. Once all the values except ug,, are fixed, the
last coordinate is fixed by considering the above equation with i = ky. In total, we have at
most O(p*™("=1)/2) solutions.
(3) Case m = 1: suppose that (p,T) = 1. Let 1 <i,5 <n. Then
tij = dluilujl (InOd pk)
There is 49, jo such that p { tij,. Then p{ w1, ujo1. We deduce that p f t;,4, = diuZ ;. By
the claim, there are O(1) for u;y1. Then for all j # i, we can fix uj; = Jlﬂioltigj (mod p*).
So there are finitely many solutions in that case.
Case m = 2: first, we give a bound for a general T'. Let 1 < ¢ < n. We have
(5.1) ti = dyu?y + dauZ, (mod pP).

For a fixed u;1, we have O(p¥/?) solutions for w;» with v = v, (t;; — dyu?;) by the claim. We
get the additional equation

(5.2) ti = dyui, (mod p*)
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The number of solutions for u;; (mod p®) is bounded by O(p¥/?) and the number of ways
to lift a solution modulo p* is O(p*~"). Therefore, the number of solutions for the pair

(ui1, u2) is
k
(Z v+v/2+v/2> _ O(kpk)

Now suppose that ( p7 = 1. There is ig, jo such that p { t;,;,. Suppose that 20 = Jo-

Consider Equation (5.1] for i = ip and the computation below it. In Equation (5.2 , the
number of u;,; (mod p”) is O(1). Thus we get

k
0 <Zpk—v+v/2> — O(pk)

solutions for the pair (u;,1,u;,2) in that case. Suppose that p { u;,1. Then consider j # ig
and
ti; = ditig1u;1 + dattigoujo  (mod Pk)~

Once u;o is fixed, so is uj;1 since u;,1 is invertible. If p | w;,1, then p { u;,2 and the proof
goes the same way with w; o instead of u;,;. We get O(p"*) solutions for U in that case.
Suppose that p | ¢;; for all i. Let ig # jo with p {t;,;,. Consider the equation

Ligjo = dluiolujol + dg’u,ioguj‘og (mod pk).
Suppose that p { wi,1,u;j,1. Otherwise the same proof works with p { w;y2, uj2. Fix these
two coordinates arbitrarily. There are O(p?*) possible choices. Consider
tioio dluml + dQUlDQ (mod pk).

Then there are O(1) choices for u;,2 by the claim since p | t;i,. Fix ujy2 in the same way.
Then consider j # i, jo and solve Equation (5.3) as in the case ig = jo. In total, we get
O(p*™) solutions for U in both cases.

Case m = 3: let 1 <i < n. Consider
ti = diu? + dau?y + dsu?;  (mod p*).
For fixed w;1, u;9, we have O(p”/z) solutions for u;3 with v = vy (t;; — diu?, — dauly) by the
claim. We get the additional equation
tiy = dyu?, + dou?, (mod pv)
This has O((v+1)p”) solutions by the case m = 2. The number of ways to lift them modulo

ks O(p2(k_”)). In total, the number of solutions for (w;1,u;e, u;3) is bounded by

k
<<Z UJrl 2(k—v)+v+v/2 <<Z erl 2k—v/2 <<p2lc
v=0

We conclude by summing over i. The number of solutions for U is O(p?*™).
Case m > 4: for 1 < i < n, we have

m
i = Z djuzzj (mOd pk)
j=1
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By induction on m, suppose that the above equation has O(pk/(m/_l)) solutions for m’ =
m — 1 and all ¥ € N. We proved this above for m’ = 3. Let r = ¢;; — Z;n;ll djufj. The
number of solutions for u;, is bounded by p*/? with v = vp(r). Moreover the equation r = 0
(mod p*) has O(p*(™~2)) solutions for (w,...,u;m_1) by induction. These can be lift
modulo p’C in at most p(k_”)(m_l) ways. In total, the number of solutions for (w1, ..., Uim)

is bounded by
k

< Zpk(mfl)flﬂrvﬂ < pk(mfl)'

v=0
We conclude by summing over 4.

Remark. In particular, we showed that the equation
m

t= Zdjx? (mod p*)
j=1

has O(p*(™=1) solutions for m > 3 and the same is true for m = 1,2 if p { .

Case n = 1: the equation is the same as in (1).
Case n = 2: suppose that (p,T) = 1. we have the equations

t11 = diui; + doudy (mod pk)a
t12 = wi2(di1u1r + douss) (mod pk)a
t22 = dlu%Q + d2u§2 (HlOd pk)

Suppose that p { t11,t22. Then there are O(p*) way to solve the first equation by (1). If
p 1 w12, then ugy is fixed by the second equation. If p | w12, then there are O(1) solutions
for uso in the last equation by the claim.

Suppose that p | t11,t22 and p { t12. Then p { uja by the second equation. Once uiz
is fixed, there are O(1) choices for u;; and uge by the claim using the first resp. the last
equation.

Suppose that p{t17 and that p | t23. Combining the first and the last equation, we get

dltll — dztzg = dldQ(U%l — ugg) (mod pk).
By (1), Case m = 2, we have O(p*) solutions for the pair (u11,uss). Then if p | uge, we
have pfuy; and uyo is fixed by the second equation. If p { uge, then uyo is fixed by the last
equation using the claim. If p | t;; and p { ta2, the same proof works if we exchange the

roles of w1 and wugy. In any case, we got O(p*) solutions for U.
Case n = 3: let P be a permutation matrix. Consider the equivalent equation

PTP'=VP'DP~'V (mod p*)
with V' = PUP!. We can make the change of variable U + V and choose P such that

p 1 (PTP");,;, for fixed io, jo with 4o, jo > 2. Without loss of generality, we suppose that
this holds for T'. Consider the equation

tll = dlu% + d2u%2 + dgui)) (HlOd pk).

We have O(p?*) solutions for ¢;1 as seen in (1). Consider the bottom-right block of size 2
by 2 of the equation. We have 3 equations for uss, uss and uzs. This corresponds to the case
n = 2 with T replaced by some combination of T' and w12, u13. If p | w12, w13, then we get
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back the case n = 2 and have O(p*) solutions for (uas, us3,uss). Otherwise, consider the
equations

t1g = dyuiiurg + dourguos + dauizugs  (mod p*),
t13 = dyuiiurg + daurauaz + dauizuzz  (mod p*).

If p { u1o, fix uszs. Then ugg is fixed by the second equation. Once ugg is fixed, ugg is fixed
by the first equation. If p { u1s, fix uaa. Then ugs is fixed by the first equation. Once usg is
fixed, uzs is fixed by the second equation. In any case, we get O(p**) solutions for U.
Case n = 4: let v1 = vp((u13,u14)) and ig such that v(u1,,) = v1. Consider the equation

tn = Y dui; = di,uf,,  (mod p¥).
iig
The right-hand side has valuation 2v; and so has the left-hand side. Therefore, the number
of solutions for ui; once the rest is fixed is O(p”*) by the claim. For ig # i = 3,4, we fix
uy;. Since vp(u1;) > vi, we have O(p*—v1) possibilities. We do something similar for the
second row. Let v = v,((u2s, uss)) and ig the coordinate such that v,(ug;,) = vo. Then
the number of solutions for us;, once the rest is fixed is O(p“?). For iy # i = 3,4, we have
O(p*~72) possibilities to fix ug;. In total, we have O(p?*) solutions for (w13, w14, Us23, Uss)
once uji1, U2, U2y are fixed.
We are left with the equations

t11 = dlufl + dguﬁ (mod ]02”1)7
tog = dlufz + d2u§2 (mod p2”2).

If v; < vg, we consider the first equation. By (1), Case m = 2, we have O((vy + 1)p?*)
solutions for the pair (u11,u12). We have O(p?>(*=2v1)) ways to lift them modulo p*. Then
in the second equation, we have O(p¥?) solutions for uss by the claim and we can lift them
in O(p*=22) ways modulo p*. In total, we get O((vy + 1)p#~2%17%2) solutions in that case.

If v1 > v9, we exchange the roles of v; and ve. That is we consider the second equation.
By (1), Case m = 2, we have O((vq + 1)p?#~2v2) solutions for the pair (u12,us2) (mod p¥).
Then in the first equation, we have O(p*~*1) solutions for u;; (mod p*) by the claim. In
total, we get O((vy + 1)p®#~2v271) solutions in that case.

Finally, let v = min{vy, vo}. We write T' = (T3;), U = (U;), D = diag(D1, D2) in blocks
of size 2 by 2. We have

Tog — U1y DUy = UpaDoUsy  (mod p* Matsa(Z)).

We fixed Uy; and Ups. Both sides are divisible by p” and (p,p~"Ui2) = 1. By Lemma
(2), we get O(pF~—?) solutions for Uy (mod p*~* Maty(Z)). We have O(p®’) ways to lift the
solutions modulo p* Maty(Z). In total, the number of solutions for U is bounded by

k U1 k
< Z (Z(UQ + 1)p2k‘p3k72’0271}1pk+2’02 + Z (Ul + 1)p2kp3k‘2’v1’02pk+2’01>

v1=0 \v2=0 vo=v1+1

k
< 7P (v + 12+ (o 1)p )

v1=0

< pb*.
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Casen > 5: for 1 <i <n — 4, we have
i—1 n
ti — Zdiu?i = Zdiu?j (mod p*).
j=1 j=i

Consider i in increasing order. By (1), we have O(p*"~") solutions for (ws,...,u:y,) if
i < n —4. Finally, once u;; is fixed for 1 <7 < j <n —4, we get a 4 by 4 symmetric matrix
equation that corresponds to the case n = 4. In total, we get

n—4
0 <Zpk(nz) .p6k> _ O(pkn(nfl)/2)
i=1

solutions for U.
(5) Since (p,Q) =1, thereis 1 < jo <n, 1 < ko < m with p{ gjyk,- For 1 <i <n, we have

n
tijo = ) (dinttjor + djoruix)  (mod p*).
=1
Fix u; for all ¢ and k # kg. Consider the above equation for i = j;. We get
2Qjoko Wjoko = tjojo — 2 Z QjokUjok (mod pk)'
kKo
Since p # 2, this fixes uj,x,. Now consider the above equation for i # jo. We get
jokoWiky = tijo — QikoUjoko — Z (Qikujok + qjokuik) (HlOd pk)'
k£ko
Everything on the right is fixed so this fixes w;,, for i # jo. In total, we have at most
O(p*(m=1m) solutions.
O
Proposition 5.4. Let p be an odd prime. Let A € Mat,_s s(R) with half-integral coefficients,
By € X—s(R) a half-integral symmetric matriz and By € Xs(Z) with p 1 det(Bsz). Consider the sum
G(A, By, By;p) := Z e(2p XA+ p ' XB X'B,).
X (pMats,n—s(Z))
If (p,2B1) = 1, then
[G(A, By, By p)| < p*" 71/,
Also if (p,2B1) # 1, then
|G(A, By, Ba; p)| < 6240 (pMat,,_, 2P " .
Finally if p1det(By), then
|G(A, By, Basp)| < p*"=*)/2.
Remark.
(1) A precise computation of a similar Gauss sum was done by Walling in [Wal|.
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(2) In Proposition the sum over X (mod pMats,,_<(Z)) is G(Ts — U1 Q5W, T3, W). In
particular, when we are in the case where 24 = 0 (mod p Mat,,_s 5), we have
2ToU; = 2W Q2  (mod pMats ,,—(Z)).
By Lemma (2), we get O(ps(s_l)/Q)7possibilities for W if (p,2Q2) = 1. Since summing

over W is equivalent to summing over W, this means that the combined sum over W and
X is bounded by

< min{ps(s+1)/2 A ps(n—s—l/Q)(p7 2T3)s/2,ps(s—1)/2<p’ 2Q2)S .ps(n—s)}

<p 2 (p,2Q0, 2T5) 2.
Finally, by the remark after Proposition we can replace T3 by Q3. We will use this
bound at the end of this section when proving Theorem

Proof. We compute the square of the absolute value of the sum:

|G(A, B1,Bs; p)|” = > e(2p™! (X1 — X2)A+p~' X1 B1X{ By — p~' X2 B1 X} By)
X1,X2 (pMats’nfs(Z))
= Y e (X1 - Xo)A+p (X1 + X2)Bi(X| — X5)Ba
X1,X2 (p)
+p ' X1B1X5By — p ' XoB1 X | By).
We replace X5 by X = X7 — Xs.
= Z e2p ' XA+p 12X, — X)B1X'By — p ' X1 B1X'By + p ' XB1 X1 By).
X1,X (p)
The sum over X; is now linear.
= Y e ' XA-p 'XBiX'By) Y e(p ' X1BiX'By+p ' XB1X{By).
X (p) X1 (p)
Recall that By and Bs are symmetric. We rearrange the sum over X; and apply Lemma [5.1
Y e(p ' XuBIX'By+p ' XB1X{By) = Y e(2p ' X1B1X'By)
X1 (p) X1 (p)
= 02B,XtBy=0 (pMatn,s,s(Z))ps(n_s)-
Since p 1 det(Bs), we have
2B1X"'By =0 (mod pMat,_s 5(Z)) & 2B1 X" =0 (mod pMat,,_s s(Z)).
If p 1 det(By), clearly the only solution is X = 0 (mod pMats ,—s(Z)). If (p,B1) = 1, by Lemma
(1), there are O(p*»~*=1)) possible values of X (mod p). Then we have
|G(A, By, By; p)|* = p"=*)* Z e(2p ' XA —p ' XB1X'By)dxepmat. . .(2)
X (pMats,nfs(Z))
< ps(n—s) . ps(n—s—l)
_ p2s(n7871/2).
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Finally if (p, B1) # 1, then the original sum is
G(A,0,By;p) = > e(2p™ X A) = p*" a0 (pMat,_, .-
X (pMatys,n—s(2))
O
Proposition 5.5. Let p be an odd prime. Let A, B € Mat,,(R) be half-integral symmetric matriz
and W € Mat,,(Z) with (C,W) a coprime symmetric pair. We consider the sum
H(A,B,W;CC™?) = > e(CTIC?UA+ CTI\CUWCUW BW?)

U (CC™2 Matn (2))
(CC~YU) sym. pair

(1) If C = p*I,, is scalar, k > 2, and k is odd, then
[H(4,B,W;CC72)| < p*2(p, 2B)"/2,

If k is even, the sum is 1 (there is only one matriz U in the sum).
(2) In general, we have

‘H(A,B,W;CC”Z)’ < ﬁp<"*"+1/2><"i*2#i>(p, 2B]) (i 2m)/2,
i=1
Here B! is the bottom-right block of B of size s by s, where s is the smallest integer with
0s = 05.
Remark. In Proposition the sum over Us 1 € Xo1(Cy) is H(T3 — U1Q3Ut, Q3,Uy; C1C2).
Proof. We compute the square of the absolute value of the sum:
|H(A,B,W;CC7?)|?
= Y e(CTICHUh — Up)A+ C'CUWWCT,WBW' — C~'CU,W CU,WBW")
Ur,Us
= Y e(CTIC*HUL — Up)A+ CT'C(Uy + Up)WC(Uy — Up)WBW!
Ur,Us
+ CTICUWCU,WBW! — C~LCU,WCU,WBW?).
We replace Us by U = Uy — Us.
= e(CTICUA+ C~I1C(U, —U)YWCUWBW! + C~'CUWCU,W BW?).
U, U

The sum over U; is now linear.

=Y e(CT'C°UA - CT'CUWCUWBW")
U

Y e(CTICUWCUWBW! + CT'CUWCU, W BW?).
Uy
Since B is symmetric and (CC~1,U), (CC~',U;) and (C, W) are symmetric pairs, the inner sum
is equal to
> e(WBWU'CW!'UICC™! + CT'CUWCUWBW') =Y " e(2U'C™'CWCU, W BW").
U1 Ul
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Let V = C~'WCU,W. Then (CC’_l, V') is a symmetric pair since
CTICV = CWCULW = WiUiCwic—t =veiC.
Moreover let Uy — U] € CC~2Mat,(Z) and V — V' := C~'WC (U, — U|)W. By Lemma we
have
V-V e (CT'WC)CC 2 Mat, (Z) = CC2(C~1CWCC~ 1) Mat, (Z) = CC~2 Mat, (Z).
So Uy — V is a valid change of variable. We get
> eUICTICWCUWBW?) = e(2C7' C?VBW'UY).
U1 %
Let R = BW' and M = (m;;) = BW'U". We showed that
(5.4) (H(A, B,W; 00—2)‘2 =Y e(CTICPUA - CTICUWCUWBW!) Y e(2C071C?V M),
U v
Our goal now is to bound the number of U. The innermost summand gives

n n
tr(2C7'C*VM) = 2 Z (P~ i + p*a 7 plTs ) T s 4 szﬂﬁgimiivii

ij=1 i=1
i<j
n n
=2 E p T (myi + P T mg )iy + E P M4
ij=1 i=1
i<j

For fixed 7 and j, we sum over v;; (mod p°~2#i). This is a complete character sums and it cancels
unless the coefficient in front is 0 (mod pi~2#i). In the latter case, it is equal to the number of V/
(mod CC~2Mat,,(Z)), which is O([]}_, ptn="+1(@=21)) " Assuming that p is odd, we get in the
former case

P Himys +mj; =0 (mod p7iT M)
for 1 < i < j <n. This is equivalent to

0 --- 0

(5.5) .. 1| =C7'RU'C+UR' (mod CC~*Mat,(Z))

0

where we do not consider the equations given by coefficients under the diagonal.

Claim: the number of U satisfying the above equation is

0] (Hp(ni)(cnmu)(p’ Ré)gizﬂi) )

i=1
Moreover (p, R})?i =2/ = (p, B})?i~2#i. Here R is the bottom-right block of R of size s by s, where
s is the smallest integer with o, = o; and B} is defined similarly.

We split the proof of the claim into three cases, depending on the shape of C.
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Case 1: C = p*I,. In that case, U is symmetric. If k is even, there is nothing to prove. Suppose k
odd. In that case, Equation ([5.5)) becomes

n
(5.6) (RU*+URY);; = Z(rikujk +rjruig) =0 (mod p), i<
k=1
with uj, = ug; since U is symmetric. Since the equation is symmetric in ¢ and j, it is actually
valid for any coordinate. If (p, R) # 1, the equation is trivial. Otherwise the equation is similar to
Lemma (5), but we have to be careful with the additional symmetry.
Case 1.1: p{1j,k, for some jo # ko. Fix u;, (mod p) for all 1 < j < k except for k = ko or j = ko.
Equation (5.6) for i = j = jo is
2rj0kouj0k0 = -2 Z TjokUjok (mOd p)'
k£ko
This fixes wj,x,. Equation (5.6) for ¢ # j = jo is
Piokoliko = TikoWjoko + Y (Piktjoh + Tjoktiix)  (mod p).

k#ko

If i # ko, everything on the right-hand side of the equation is fixed and we get w;,. Finally,

consider the above equation for i = ky. Now the right-hand side is fixed and we get ug,x,. We fixed
n coordinates of V from the others, meaning that we have at most

0(pn(n71)/2)

solutions for U.
Case 1.2: p | rji for all j # k. Then Equation (5.6]) is

(Tii + rjj)uij =0 (mod p).
This fixes u;; for all ¢ < j with p{ r;; + rj;. Let jo be such that p{ rjy ;. For all 1 <i < n, we do
the following: if p { 74 + 7j,j,, we fix u;j, with the above equation. If p | 74; + rjj,, then clearly
ptrii. We fix u;; with the above equation. We fixed n coordinates of V', meaning that we have at
most

O(pn(nfl)/2)
possible solutions for U.
We got the same bound for Case 1.1 and Case 1.2. Adding the case (p, R) # 1, we get

o " V2 (p,R)") =0 (Hp”i(p, R)) :
i=1
solution for U. Note that R = BW* and p t det(W). So (p, R) = (p, B).

Case 2: C not scalar. We prove the claim by induction on n.

Case 2.1: o1 is even. Let 0 = o1 and pu = p;. We write C' = diag(p° I, C1) with all the prime
powers in C larger than p°. Then C' = diag(p“[r,él) and CC~' = diag(p”_“IT,Clé'fl). Note
that p* can be a prime power of Cy. We write

(R Ry B Ui Uy
i ) U= (pecioriy 1)
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with Ry and U; blocks of size r by r. Note that p“_"CléflUﬁ =0 (mod pMat,_,,(Z)) and U; is
symmetric. Equation (5.5)) becomes

0o --- 0
=C™'RU'C +UR" (mod CC~?Mat,(Z))

_ (" Ri Ry (Ux 2 I Up U\ (Ri Rj
- Cci')\Rs Ry)\US U o Us) \Ry R

_ (¥ P MRoULC) + UiR + Us R nod (Fr )
* C;1R4U£01 + U4Rfl ClCl_2 )

Consider the bottom-right block. If C is a scalar matrix, we apply Case 1. Otherwise, we suppose
by induction on n that there are

O( H p(n—i)(tn—2qu)(p, R;)‘Ti_zﬂi>

i=r+1
solutions for Uy. Since o7 = 21, we conclude the proof of the claim in that case. .
Case 2.2: o1 is odd and C = diag(p°*I,,p°**11,). Let 0 = oy and u = p;. Then we have C =
diag(p*I,., p**11,) and CC~! = p*I, . In particular, U is symmetric. Equation (5.5 becomes

0O --- 0
= C'RU'C +UR! (mod (pL‘ 0 ) Matn(Z))

_ (p7*I, Ry Rp\ (Ur U\ (p*I,
B p L Rs Ry Ul U prtLI

L (Un U2\ (Ry Ry
Ut Uy) \R, R

_ (R1U1 + UlRﬁ + RQU%5 + UQRtQ Ule + UgRZ) '

0

* *

Suppose that (p, R) = 1. Then we do one of the following;:
(1) If (p, R1) = 1, we fix Uy and apply Case 1 to get Uj.
(2) If (p, R2) = 1, we fix Uy and apply Lemma (5) to get Us.
(3) If (p, R3) = 1, we fix Us and apply Lemma (2) to get Uy.
(4) If (p, R4) = 1, we fix Uy and apply Lemma (1) to get Us.
In all cases, there are no condition on Us and we won p” over the trivial bound. Therefore we get

0 (pr(r+2sfl)/2(p’ R)r) -0 (Hp(ni)(aiZ/u)(p’ Rg)aiQ;ﬁ)
i=1
solutions for U. Note that R = BW® and p { det(W). So (p, R) = (p, B).
Case 2.3: 01 is odd and o, > 01 +2. Let 0 = 07 and p = 1. We write C = diag(p® I, p° 115, C1).
with all the prime powers in C; larger than p°*! and the convention that s = 0 if there is no
prime power in C equal to p°*!. By hypothesis, C; is non-empty. Then C' = diag(Cy,C;) =
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diag(p*I,., p"t1I,,C1) and CC~! = diag(p® *I,4s, C1Cy ). Note that the prime powers in Cy and
C can be the same. We write

Ry R U U.
(i w) U= ecioro w)
with Ry and U; blocks of size r+ s by r+s. Note that p“_”Cléf1U§ =0 (mod pMat,_y_s r+5(Z))
and U; is symmetric. Equation becomes
0 --- 0
| =C'RU'C +UR" (mod CC~2Mat,,(Z))
0

ot R Ry (Ui Co L (U U R, RS
Crt) \Rs Ry) \Us U} Cy Us) \R, R

O H(RaUy + RoU3)Co + UL R + Us Ry Gy ' RoUSCH + Uy RS + Us RY
* CT'RULC, + UsRY

PGyt 5
(mod ( cé2) )

Consider the bottom-right block. If C’lé’l_ 1'is a scalar matrix, we apply Case 1. Otherwise, we
suppose, by induction on n, that there are

n

1=r+s+1

—~
ot
3

N~—

I

solutions for Uy.
Consider the top blocks. We get the equations

0 .- 0
L = ~Ofl(R1U1 + RzUé)éo + U R + U R <m0d < Ir 0 ) MatrJrS(Z)),
0 S

0= éaleUiél + Ule + UQRZ (mod < I 0 > Ma‘tf,ui,s’nrs(Z)).

Suppose that (p, R) = 1. Then we do one of the following:

(1) If (p, R1) = 1, consider the first equation. We fix Uy and apply Case 1 or Case 2.1 to get
U, depending if s = 0 or not. The proof is valid even if the left-hand side of the equation
is non-zero.

(2) If (p, R2) = 1, consider the first equation. We fix U;. We have

~Ci'RiULCy — U RY = Cy ' RyULCy + Us R}

-nT, R i, U
— (7 ) () s o) (P )+ (1) 0 )

t t t
_ <R21U21 + U21R21 U21*R22> (mod <pIT IS> Matr+s(Z))

*

with Rg; and Us; blocks of size » by n — r — s. Recall that we do not consider equations
below the diagonal. Fix Uss. If (p, Ro2) = 1, we apply Lemma 5.3 (1) to the top-right block
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to get Us;. Otherwise (p, Re1) = 1. We apply Lemma (5) to the top-left block to get
Us1. Note that this equation is symmetric, so we can drop the restriction of the equation
to the upper-diagonal.

(3) If (p, R3) = 1, consider the second equation. We fix Us. We have

A1 tA t_ t  (Ur Ui R§1
Cy RU,Ci —URy =U 1Ry = (Uth Uss Réz

U1 RS, + Uio R I
:< 11431 . 1214132 mod IS MatT‘FS,n*T*S(Z)

with Uy; a block of size r by r and R3; a block of size n —r — s by r. If (p, R31) = 1, then
we fix Urs and apply Lemma (2) to the top block to get Uy;. Otherwise, (p, Rz2) = 1.
Then we fix Uy; and apply Lemma[5.3| (1) to the top block to get Uyo. There is no condition
on U13.

(4) If (p, R4) = 1, consider the second equation. We fix U;. We have

e ~ U R, I,

-C; 1R2Uicl — Ule =UyR, = (UiRi) <mod <p 08) Matr+s7n_T_S(Z)>
with Us; a block of size r by n —r — s. We apply Lemma (1) to fix Uyy. There is no
condition on Uss.

In any case, we won p” over the trivial bound for the pair (U, Us). In total, we get

o) <p7"(2"7“1)/2(p7 R)"- H p(n*i)(ﬁi*Q#i)(p’ R;)Ui2ﬂi> -0 (Hp(”i)(UiQ#i)(p’ Ré)@%ﬁ)

i=r+s+1 =1
solutions for U. As before, R = BW"' and p { det(W). So (p, R})%i =2 = (p, B})7i=2# for 1 < i <
r + s. Recall that (C, W) is a coprime symmetric pair and note that

Rl R2 o o t Bl B2 W1 [ * *
Since Rz = B3W4 and p t det(W3), we have by induction on n that (p, R}) = (p, B}). This concludes
the proof of the claim.
Recall Equation (|5.4). Taking the bound of the claim for the number of U and a trivial bound
for the number of V', we get

~ 2 n .
‘H(A, B, W, CC_Q)‘ < HPQ(W—Hl/?)(m—?m)(p’ B)7i—2m,
i=1
This concludes the proof of the proposition. 0

Now, we estimate the number of solutions to the equation T3 = U;T3U} appearing the sum over
U; in Proposition We need one additional lemma before that.

Lemma 5.6. Let p be an odd prime and k > 1 an integer. Let QQ be an integral symmetric matrix
of size n. Then there are p{x, M € Mat,(Z) with ptdet(M) and E € X,,_.(Z) such that
Ir—l
MQM?! = T (mod p*)
pE
with r being the rank of @ (mod p).
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Remark. We can inductively diagonalize E. In the end, @ is congruent to a diagonal matrix with
prime powers multiplied by invertible elements

Proof. If k = 1, this is true with £ = 0. See Theorem VI.10 in [Newl]. More precisely, there is M
with p { det(M) such that

Irfl
MQM" = x (mod pMat,,(Z)).
OTL*T

For larger prime powers, we use induction. Let D = diag(1,...,1,x) be a matrix of size r. Let k > 1

and suppose that we have My such that MyQM{ = (D pE) (mod p* Mat,,(Z)). Let

P=(r w) = (7 ) o)

with P; a r by r block. Write M = (I,, + p*N)My and N = (%; 0)- Note that det(M) = det(My)
(mod p). We consider the equation

P P\ (D D . (NiD+DN! DNt .
<P2t O> —N< pE) —|—< pE)N = < NaD (mod p” Mat,,(Z)).

A solution for N is the following. We set N3 = P4D with D such that DD = I,, (mod p* Mat,,(Z)).
Let N1 = (n;;) and Py = (p;j). Weset ng; = pi;/2for i <r—1,n, = pp,/(2z) andfor 1 < j <i<r
set n;; = pij. If 1 <4 < j <r, set ny; = 0. In conclusion, we have

MQM" = MoQM; + p*(N MoQM; + MoQMSN") (mod p** Mat,,(Z))
_ D k P1 Pz k Pl P2
(7 0e) (3 7)o (5 D)

(D
B pE —p"Ps )

By induction on k, we have a solution modulo p?* for all k > 1. O

Proposition 5.7. Let p be an odd prime. Let T' and @Q be half-integral symmetric matrices and
C = diag(p?,...,p") with2 < o1 < .-+ < 0,. Let N be the number of solutions U to the equation

(5.8) 2T = 2UQU"  (mod [C])
with 5 5
UeXi(C)={U (mod CMat,(Z)) | (C,U) coprime symmetric pair}.
(1) If C = p*1,, is scalar, k > 1, and m = | %], then
N <<pm”("_1)/2(pm,2Q,2T)".
(2) For all C, we have

(5.9) N < [P, 2Q)).

i=1
Here Q) is the bottom-right block of Q of size s by s, where s is the smallest integer with
Os = 0j.
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Remark. Since U is invertible, it is equivalent to consider the equation Q = UTU*. In other words,
we can replace @ by T in Equation (5.9). Moreover if (p*, 2Q)) # (p*,2T), then there are no solution.
In that case, K(Q,T;C) =0 by Proposition

Proof. We split the proof in two cases, depending on the shape of C.

Case 1: C = p*I,,. Let m = |£]. In that case, U is symmetric and X1(C) consists of invertible
symmetric matrices (mod p™X,,(Z)). We consider first the case where rk,(Q) > 1.

Case 1.1: (p,Q) = 1. By Lemma there is M € Mat,(Z) with p 1 det(M) such that Q@ =
M (P pp) M'with D = diag(1,...,1,z) € Mat,(Z), where r # 0 is the rank of Q (mod pMat,,(Z)).
Let V = M'UM and P = M*TM. Then

T—UQU' (mod p™ Mat,(Z)) < P =V <D , E) V' (mod p™ Matn (Z)).

Write P = <2t Iljz) and V = (“;} “2) with Py, V1 blocks of size r by r. Then the above equation is

P P\ _ (ViDVi+pVaEVY ViDVs + pVaEVs
Py Py)  \VyDVi+pVaEVy ViDVy+pVsEVs)

Since E could be 0, we have to fix V3 arbitrarily among the O(p™("=")(n=r+1)/2) pogsibilities. Note
that (p, P) = 1 since V is invertible. Suppose that (p, P2) = 1. Then clearly (p, V1) = (p,V2) = 1.
We conclude that (p, P1) = (p, P3) = 1 and these cases are treated below.

Suppose that (p, P;) = 1. By Lemma (4), we have O(p™"("=1)/2) solutions for V;. Moreover
(p, V1) = 1. Then we can fix V5 in the top-right equation using Hensel’s method. More precisely, we
have

Py =ViDVa + pVo BV (mod p™).
Let Wy be a solution for V5 modulo p. Since (p,V;) = 1, we have O(p("~D (")) solutions for Wy
by Lemma (1). Suppose that we have a solution W; modulo p' for I > 1. Let W = Wy + p*W,
be a solution modulo p'*t!. Then

p¥(Py — ViDWy — pW1EVs) = ViDW;  (mod p).

There are O(p("= D=7 solutions for Wy by Lemma (1). By induction, we get O(p™("=1(n=r))
possibilities for V5.

Suppose that (p, P3) = 1. By Lemma (3), we have O(pm("=D("=7)) possibilities for V5 in
the bottom-right equation. Moreover, (p, V2) = 1. Then by Lemma (2), we have O(pmr(r*l)/z)
possibilities for V; in the top-right equation.

In total, we have

9] (pmr(r—l)/Q . pm(r—l)(n—r) .pm(n—r)(n—r+1)/2) =0 (pmn(n—l)/2)

solutions for V in that case.
Case 1.2: (p,Q) # 1. Since U is invertible, we also have (p,T) # 1. More precisely, there is an
integer [ such that Q = p'Q’ and T = p!T” and (p, Q") = (p,T') = 1. If I > m, then we can not say
anything about U and take it arbitrarily. Otherwise, we get the equation

T'=UQU (mod p™~'Mat,(Z)).

Applying Case 1.1, we get
0 (p(mfl)n(nfl)/Q)
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solutions for U (mod p™~! Mat, (Z)). We lift these solutions arbitrarily to a solution of the form
U + p™~'V. There are O(p!™("+1)/2) possibilities for V. In total, we get

9] (p(m—l)n(n—l)/2 .pln(n+1)/2) _ O(p7nn(n—1)/2(pm7 Q,T)n)

solutions for U.

Case 2: C not scalar. Let 0 = o1, p = p1 and C = diag(p?Is, C1) with Cq a block of size n — s by
n — s with all its prime powers strictly larger that p°. We write

(@1 Q2 (T Th . U, U, 5
Q_(Qé Qs)’ T‘(T§ T3>’ U—(poclUé U3>€X1(C>

with @1, 71, U; blocks of size s by s. Note that U; is symmetric and p t det(U;). Let

with Y = —0,U (mod p° Mat,,,,_(Z)). Then CYC~! = (’s ,}fs) and Y~! = (fs —P’”Yzcl).

We compute

Yyiucyc—!

U1 U1}/2 + U2
p 7CI(Y5UL +U3) Us+p 7C1(Y4Us 4+ UsYa) + p~ 7 C1 Y5 U1 Yo

_. (V1 v ) (mod € Mat,(Z)).

Note that the congruence on the last line holds since Y!C = C’(C"lYtC’). The last parenthesis is
an integral matrix. Note also that (C,V) is a coprime symmetric pair:

VO =Y'UCY =Y'CU'Y =CV".

This is equivalent to (p°Is, V1) and (C1, V3) being coprime symmetric pairs.
We define a map

Xl(C) — Xl(pols) X Mats,n_s(Z/p“Z) X )~(1(Cl),
U (V1,Y2, V).

Clearly the map is injective. Since U; = V4 and Y is invertible, the map is bijective. Let R = Y*TY
and S = CY'C~'QC~'Y~!C. Then

T=UQU"' (mod [C]) & R=VSV! (mod [C]).

This gives a bijection between the solutions U of the left-hand side and the solutions (V1, Ya, V3) of
the right-hand side. Written in blocks, we get

(5.10) (Rl R2>:<V151Vf V1$2V3t> (mod ().

RS Rs V3So Vi VEgSgV;f
where the blocks are given by
R Ry Ry _ T p T Y,C + T3
RS Rs pTCYS{Ty + T T3+ p 7 (C1Y$Th + ThY,Ch) 4+ p~ 27 C1Y3T1 Y201 )

g <S1 52> _ <Q1 —Y2Q4 — Q2YF + Y2Q3Yy Q2 — Y2Q3>
S5 Ss QL — QsYY Q3 '

In particular, S5 = @Qs.
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Consider the bottom-right block of Equation ([5.10):
Ry = V3Q3V4 (mod [Cy)).

If C; is a scalar matrix, we apply Case 1. Otherwise we suppose, by induction on n, that the

equation has
o1l i)

1=s+1

solutions for V3. Here Q) is the bottom-right block of @ of size s by s, where s is the smallest integer
with o, = 0;.

Fix one such solution V3. Suppose that (p*, Q1, Q2,Q3) = (p*, Q2, Q3). We consider the top-right
block of Equation (5.10)). Let p* = (p*, S2). Then we have the two equations

Q2 = Y2Q3 (IIlOd pk)7
pikRg = Vl(pikSQ)Vg (mod p“ik).

Note that (p#, Re) = p* since V; and V3 are invertible. By Lemma (2), the second equation has
O(p*s=D=F)/2) solutions for Vi and there are O(p**t1*/2) ways to lift them modulo p*.

Let pl = (pka Q3) Note that pl = (p/,b7 QQ - Y2Q3a Q3) = (pl—tv QQ} Q3) Then by Lemma (1)5
the first equation has O(p*("~s=D(k=D) solutions for Y5 and there are O(p*"~*)(#=(=0)) ways to
lift them modulo p*. In total, we get

« PP D=RY/2  ps(sk/2 | ps(ns=1) (k=) | ps(n=s) (u= (kD))
< ps(s—l)y/2 .psk .ps(n—s)u . p—s(k—l)
< ps(ansfl)p‘/2 .psl

_ ps(2n—s—1)u/2 (pu’ Q27 Qg)s
solutions for the pair (V4,Y32).

Fina’HY7 suppose that (p'anvaQvQ:i) = (pqul) = pk and (plvaQaQ?)) > pk Then (p#,51) =
(p", R1) = p* and the top-left block of Equation (5.10)) is

Ry =Vi51V}  (mod pH).
By Case 1, we have
O(pS(sfl)u/2(p#’ S1,R)%) = O(pS(sfl)u/2(pu,Ql,QQ,QS)S)
solutions for Vi. We fix Y; arbitrarily among the O(p*("~*)) possibilities. In total, we get
O(pS(S—l)u/Q(pu7 Q1,Q2,Q3)° .pS(n—S)) — O(pS(Qn—s—l)uﬂ(pu’ Q1,Q2,Q3)%)
solutions for the pair (V4,Y?2).
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Note that Q) = @ for i < s. We conclude that

n

N < p Crms =2t Q1,Q2,Q3)" - T p" ™ (", Q)
i=s+1
n

s
< Hp(n—i)ﬂi (p;ui’ Q;) H p(n—z‘)#i (pui, Q;)

i=1 i=s+1

= Hp(n*i)m (", Q).
i=1

O

Now, we prove Theorem [I.1] using all the estimates above. First note that if there is a s < n such

that 01 = -+- = 05 = 0 and 0541 # 0, by Proposition we have K,,(Q,T;C) = K,,—s(Q3,T5; Cs).
Moreover

[T 07 0, 2Q0) (0, 2Q0) 7 240/2 = 1
i=1
So if Theorem is valid for o1 # 0, then it is valid for o1 = 0.
Consider Proposition Applying Remark (2) after Proposition Proposition and Propo-
sition 5.7} we get

|K(Qa Ta C)' < pS(n_S/2) (p7 2Q27 2Q3)S/2 . H p(n_i-‘rl)'ui . H p(n_i)ui (sz ) 2Q{L)

i=s+1 1=s+1
n
. H p("*iJrl/Q)(Uz‘*?Hi)(p’2@2)(01‘,*2#1‘)/2
1=s+1
=120, 202,200)"2 T o727 (0, 200) (p, 2Q)) 72072,
i=1 i=s+1

For p # 2, this prove the second part of Theorem Finally, if C = pFI,, is scalar with k& > 2, the
sums over W and X are equal to 1 in Proposition [f.2and @ = Q3, T' = T5. We apply the estimates
for scalar C' in Proposition and Proposition Recall that (p,2@Q) = (p, 2Q, 2T") or Proposition
H has no solutions. Let m = | £ |. We get

‘K(Q, T, C)| < Hp(n—i+1)m . pmn(n—l)/Q(pm’ 20, 2T)n/2 .pn2(k—2m)/2<p’ ZQ)n(k—Qm)/Q
i=1
2 —2m
— pkn (pm’ 2@, 2T)n/2(p7 QQ)n(k 2 )/2
For p # 2, this prove the first part of Theorem

5.1. The case p = 2. In this section, we adapt the proof of Theorem to the case of the even
prime 2. We did not use that p is odd until Proposition [£.2] except where we used Lemma [5.2 We
start the section by giving adapted versions of Lemma [5.2] and Lemma [5.6] Then we consider the
consequences of these adaptations in Lemma [5.3] Finally, we adapt the proof of Theorem to
this case.
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Lemma 5.8 (Lemmafor p=2). Let p=2. Let C = diag(p°*,...,p°") with0 < o1 <--- <oy,
and let A € X, (R) be a half-integral matriz. We have

Z e(C™'DA) = 6340 &) H 0a;=0 (gui)p("f”l)‘”.
D (CMat,(Z)) i1
(C,D) sym. pair

Remark. If we remove the additional equations for the diagonal, we only grow the number of
solutions. We will mostly consider only the equation 24 = 0 (mod [C]).

Proof. In the proof of Lemma[5.2] we get the conditions
a;; +a;; =0 (mod 27) (1 < 9),
a; =0 (mod 2#%).
Since A is half-integral, the equation 24 = 0 (mod [C]) recovers the first equation, but only gives
2a; =0 (mod 2M%).
We artificially add the second equation to the result to conclude. O

Lemma 5.9 (Lemma for p = 2). Let p = 2 and k > 1 an integer. Let H = (9}). Let
Q € X, (R) be a half-integral matriz. Then there are M € Mat,(Z) and E € X,,_.(Z) and either
D = diag(dy, ...,d,) with D = I, (mod 2) or D' = diag(Hy, ..., H,/;) with D" = diag(H,..., H)
(mod 2) such that

t_ (D k ¢ _ (D' k
2MQM* = ( oF (mod 2%) or 2MQM® = oF (mod 2%),
with r being the rank of 2Q (mod 2). Also, r is even in the second case.

Proof. Consider Q = 2Q. It is a symmetric integral matrix with even coefficients on the diagonal.
Theorem IV.11 in [Newl| says that there exists M with 2t det(M) such that

H

MOM' = (I’“ 0 > or MQM' = (mod 2 Mat,(Z)),
n—r H

On—r

where the last matrix contains /2 copies of H (r is even). In the first case, the proof goes essentially
the same way except that we have different diagonal elements. Here we set n;; = 0. Then the final
matrix D = diag(dy,...,d,) is such that d; =1 (mod 2).

In the second case, let D be the diagonal matrix given by r/2 copies of H. We want to find
N7, N3 such that

P, = N\D + DN} (mod 2" Mat,.(Z)),
P, = DN! (mod 2* Mat,.,,_,(Z)).

Since 2 { det(D), we have N3 = P{D with DD = I,, (mod 2%). Writing P, = (P;;) and Ny = (N;;)
where each P;;, N;; is a 2 by 2 blocks. We get

P; = (N\D + DN});; = N;;H + HNj;.
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Let i < j. We set N;; = P;;H and Nj; = 0. For i = j, write P;; = (b} 52) and N;; = (Z; Ké) We

get

P op2) _ (m2 ma) , (n2 na) 2ng my+ng (mod 2* Mats(Z)).

P2 P4 ng N3 ny N3 ni+ng  2ng
We set ny = n3 = ng = 0 and n; = py. As in the first case, we get a matrix D = diag(Hy, ..., H,/2)
with D = diag(H, ..., H) (mod 2). O

Now, we adapt Lemma The proof for (1)—(4) are still valid. For (3) and (4), we have to show
the same statement with D = diag(Hy,..., H, /) as in Lemma For (5), we have to adapt the
proof. From now, we write v(a) for the 2-adic valuation of a € Z. First, we need the following result.

Lemma 5.10 ([DMM)]). Let a,b, c be integers with v((a,2b,c)) < k. The quadratic equation

az® +2bx +c=0 (mod 2¥)

b%—ac)/2+2

has at most 2¥( solutions. Moreover, if v(a) # v((a,2b,c)), then the equation has at most

20((a:0:9) solutions.
Remark. Note that the first case is always worse than the second since v(b? — ac) > 2v((a, b, c)).

Proof. Let t = v(a, b, ¢). The article states that the number of solutions is at most 2v((a:0:0))+D/2+2
solutions, where

D =v((b/2")? — ac/2*) = v(b* — ac) — 2v((a, b, c))
is the discriminant of the reduced equation. By inserting the second equation in the first, we
conclude. Moreover, if v(a) # v((a,2b,¢)), then we are only in the cases of Table 1 where we have
2v((@:b:0)) solutions. (]

Proof of Lemma[5.3 for p = 2. First, we consider the equation R = UH,;U" for 2 by 2 matrices,
with R and H; symmetric and H; = H (mod 2). In coordinates, we get

Te T2\ _ [ur U2 hi hs up us
ro ra)  \uz ug) \ha ha) \uz u4
(5.11) _ (hﬂt% + 2hgurug + hyui  hiugug + ho(urug + uguz) + h4u2u4) (mod 2%).

ES hlug —+ 2h2U3’LL4 —+ h4U421

We fix ug (mod 2¥) and consider the top-left block in Equation (5.11). If 2us = 0 (mod 2¥), we
have O(2*) possibilities for u;. Suppose that 2us # 0 (mod 2¥). Recall that 2 { ho. The equation
with respect to u; has discriminant

D = (h2u2)2 — hl(h4u% — Tl) = u%(hg — h1h4) + hiry.
Let v = v(D). Then we have O(2"/2) solutions for u;. We get the additional equation
u%(h% - h1h4) = —h17”1 (mod 2”)

Since 2 t det(H), we have O(2%/?) solutions for uy by the claim in Lemma There are O(2+~v)
ways to lift the solution modulo 2¥. Then the number of solutions for the pair (uy,us) is bounded
by

k
(5.12) < Y akmvv/ae/2 ok,
v=0
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Note that UHU® = det(U)H (mod 2). In particular, (2, R) = 1 if and only if 2 { ro. In that case,
we have the following equation

ro = hiujug + ho(uiug + usus) + haugus (mod 2’“).
We see that 2 1 uy,us or 2 § ug,us. Suppose without loss of generality that the first holds. If

2 | u1,uy, exchange their roles in the following. We fix u; and uy. Then in the top-left block of
Equation (5.11]), the discriminant for us has valuation

v(ui(hi — hihg) + har1) = 0.
So we have O(1) solutions for us. The same is true for the bottom-right block of Equation (5.11)). We
get O(1) solutions for us. In total, we have O(p?*) solutions for U. We conclude that if (2, R) = 1,
the equation R = UHU" (mod 2*) has O(2%F) solutions for U.
Finally, we consider the case where U is symmetric. The equation is the same, except that
ug = uz. Again if (2, R) = 1, then 2 { ro. We get the equation
r9 = hiujus + hQ(U1U4 + U%) + hauouy (mod Qk)
As in the asymmetric case, either 2 { uy,ug or 2 t ug. In the second case, we can fix ug and do the
same as before. If 2 uy, uy, fix u; (mod 2%). Then we saw in the asymmetric case that us has O(1)
solutions. We get the equation
ro — hiuius — hgu% = U4(h2U1 + h4U2) (mod Qk).
Since 2 f hy and 2 | hy, this fixes uy. We conclude that if U is symmetric and (2, R) = 1, the
equation R = UHU* (mod 2¥) has O(2*) solutions for U.
Now, we prove what is missing for (3), (4) and (5). For (3) and (4), we suppose that m and n are
even and we consider D = diag(Hy, ..., Hy,/2). We write R = (R;;), U = (Uy;) in 2 by 2 blocks.
(3) Case m =2:for 1 <i,j <n/2, we have
Rij = UilHlU])‘:l (mod Qk).
If 49, jo is such that (2, R;,;,) = 1, then (2,U;;1) = 1 and so (2, R;yi,) = 1. We saw above
that we have O(22%) solutions for U;,; in that case. Then consider the equation
Rigj = UiO1H1Uj1 (mod 2k).

for j # 9. By Lemma (1), we have O(22%) choices for Uj; since 2 { det(H;). In total,
we get O(22%7/2) choices for U.
Case m = 4: for 1 <1i < n/2, we have

Let U; = (u;), V; = (vj) and G, H with coordinates numbered as in Equation ((5.11). In the
top-left block, we have the equation

T = q1ul + 2gaurug + gaus + hiv? + 2hovive + hyvi  (mod 2F).
Let 7 =71 — g1u? — 2gouquz — g4us and v = v(r). The number of solutions of
T = giuj + 2gouius + gaus  (mod 2Y)

is O((v + 1)2Y) as seen above. They lift in O(22¥=2V) ways, so we have O((v + 1)22~v)
solutions for uy,us for a fixed v. Now we consider the equation

r= hlv% + 2hovive + h4v§ (mod 2]“).
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Let t = v(vg). We have O(2F~*) choices for vy for a fixed t. Suppose that t < v(hi) — 1 or
v(hqv3 — 1) < v(h1). Then we are in the second case of Lemma for the equation with
respect to vy. Therefore, we have

O(Qmin{t,v(h‘;vgfr)})

solutions for vy in the last equation. Note that if ¢ < v, the minimum is ¢ and otherwise it
is v. We see that the number of solutions for the pair (v1,v2) is in that case

k v ’U(hl)—Q
< Z(v + 1)22]67’0 ZQk*i . 2t + Z Zk‘ft . 21}
v=0 t=0 t=v+1
k
<Y (0 + )27 (0 +1)2% + 2%)
v=0
< 2%k,

Suppose that ¢t > v(hy) — 1 and v(h4v3 — r) > v(hy). This implies that
v = v(r — hyvs + hyv3) > min{v(hy), 2t + 1} > v(hy) — 1.
Let D = v3(h3 — hihs) + hyr and d = v(D). The number of solutions for v; is O(2%/2).
Since d > 2(v(hy) — 1), we have the additional equation
v3(h3 — hihs) = —hyr (mod 2%).

This has at most O(2(*("1)+v)/2) solutions by the claim in the original proof of Lemma
There are O(2%~9) ways to lift them modulo 2¥. In conclusion the number of solutions for
(u1,uz,v1,v2) is

k k
Z (U + 1)22k_v Z 9d/2  9(v(h1)+v)/2  9k—d
v=v(h1)—1 d=2(v(h1)—1)
k k
< 23k Z (U + 1)2—0/2 Z gu(ha)/2—d/2
v=v(h1)+1 d=2(v(hy)—1)
< 23k,

Therefore the number of solutions for the pair (U;, V;) is O(25%) and we conclude by summing
overi=1,...,n/2.
Case m > 6: Fix U;; (mod 2*) for 1 <i <n/2and 1 < j < (m —4)/2. Then
(m—4)/2
Uim-1Hpn1Ul 1 + UimHyUl, = Ris — > Ui H;U,.
j=1

By Case m = 4, there are at most O(2%%) solutions for the pair (U -1, Uim). In total, we
have at most O(2F(m=1") solutions.

Case n = 2: the equation is R = UH U* with U symmetric. This was solve at the beginning.
Case n = 4: Let i = 1,2. We have

Rii = Up GU}, + Ui HUY,  (mod 2F).
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Let v; = v((u13,u14)), v2 = v((u23,u24)) and v = min{vy,ve} be fixed. Then Uy =
0 (mod 2¥). From the equation R;; = UllGUltl + U12HU1t2, we get in coordinates the
equations

T = g1ui; + 2gauritiz + gaui, (mod 22v1),

12 = gruniting + ga(uiiugg + uiy) + gauitan (mod 2%v),

T2 = 91“?2 + 2gouiugg + g4u§2 (mod 22“2).
Our goal is to show that the number of solutions for (w11, u12, ugz) is

O((Ul + v + 1)223]6—1}—1}1—1}2).
Suppose that 2uj2 # 0 (mod 22¥). Consider the first and the last equation. Then the
discriminant for the other variable than w1 in them is respectively

Dy = uiy(g5 — 9194) + 91711,

Dy = ufy(95 — g194) + garaa-
Let d; = v(D;), i = 1,2. Then we get the additional equation D; = 0 (mod 2%) for u;5. Let
d = max{d;,dy}. We have O(2%/2) solutions for u;s (mod 2%) by the claim in the original
proof of Lemma We can lift the solutions modulo 2* in O(2%~9) ways. Then the number

of solutions for u;; (mod 22¥¢) is O(2%/2). There are O(2F~2") ways to lift these solutions
modulo 2¥. Therefore the number of solutions for U;; (mod 2F) in that case is

2v1 d; 2v2
< Z 2k72’01+d1/2 (Z 2k72v2+d2/22k7d1/2 4 Z 2k2v2+d2/22kd2/2>

d1=0 do=0 do=d1+1
2’1}1

< Z 2k72’01+d1/222k72vg(1 + 2,[]2)
di1=0

< (’Ug 4 1)23k—v1—2112-

Suppose now that 2u;2 = 0 (mod 2**) with w = max{v;,v2}. Then we have O(1)
solutions for u12 (mod 22*). Consider the equation

r19 = gg(u11u22 + u%z) (mod 221})_
The product uijugs (mod 22U) is fixed by the equation since 2 { go. Let ¢ be the maximum
between its valuation and 2v. Then v(u11) 4+ v(u22) > t. The inequality takes into account
the case t = 2v. Let r = v(u11). Dividing the above equation by 2", we can invert 27" u;

and fix uge (mod 22°77). There are O(2") ways to lift uss modulo 22?. Then the number of
solutions for the pair (u11, uss) modulo 2%V is

20t 2v
< Z 2221)—7"27" < Z(t + 1)221) < (’U + 1)22211.
t=0 r=0 t=0

There are O(23*~2v=4v) ways to lift the solutions modulo p*. We get O((v + 1)223F—2w—2v)
solutions for Uy, in that case.
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Suppose that v; < ve and that 2u;p = 0 (mod 22U1) but 2ujs # 0 (mod 22v2). Let

t = v(uz22). We have the two equations

r12 = ga(ur1uss +uiy) (mod 2°*1)

Too = g1U3y + 2g2u1ougs + gaus,  (mod 2%92).
For any value of ¢, we O(2%) solutions for u;1, O(2¢¥72"1) solutions for ujs and O(2F~t)
solutions for uss. We apply these bounds for ¢ > vy. Suppose that ¢ < vo — 1. Since 2u12 =0
(mod 22v1), the second equation implies that roo = gsu3, (mod 22v1). The discriminant of
the second equation with respect to uys is

D= g%ugg - 91(94U§2 —Ta2) = 9%“%2 (mod 2%1).

Suppose that ¢ < vy — 1. Then v(D) = 2t. If t > vy, then v(D) < 2vy. We have O(2¢(P)/2)
solutions for ujs (mod 2292). There are O(2872v2) ways to lift u;2 modulo 2¥. We have
O(2F*) solutions for ugs in any case. Finally, if t < 2v;, the first equation implies that

922 tugoury = 27 (r12 — goudy)  (mod 2%917F),

Since 2 *uyy is invertible, uy; is fixed. There are O(2F~2"17%) ways to lift it. Note that this
estimate is trivial for ¢ > 2v;. In total, we have

v1—1 vo—1 k
< Z 2k—t2k‘—21}2+t2k—21}1+t + Z 2k‘—t2k—’l}22k—21}1+t + Z 2k—t2k—21}1 2k
t=0 t=v1 t=vso

< 23k—v1—2112 + (U2 + 1)23k—2vl—1)2 + 23k—2v1—112
< (,U2 T 1)23k—2v1—v2.

If v1 > vy and 2ujs = 0 (mod 22%2) but 2uis # 0 (mod 221), we can exchange the role of
v1 and vy in the above proof and get a similar bound.
Once Uy is fixed, consider U;3. We have the equations

51 = hlufg + 2houizuys + h4u%4 (mod 2]“),

So = hlugg + 2hous3tog + h4u§4 (mod 2k),
with

§1: =711 — (glui + 2gau11u12 + 94U§2)’

S 1= 122 — (g1ufy + 2g2u12Un2 + gaudy).
Recall that v1 = v((u13,u14)). Note that v(s1) > 2v1 + 1. If v; > k — 1, then we have O(1)
choices for w13 and u14. Suppose that v1 < k—2. Suppose also v(u14) = vi. Otherwise inverse
the roles of w13 and uy4 in what follows. The discriminant of the first equation with respect
to uyz is D = u24(h3 — hihy) + h1s;. Then v(D) = 2v;. We saw before Equation ([5.12)
that the number of solutions for the pair (u13,u14) once the valuation of the determinant
is fixed is O(2%). ref Doing the same with the pair (us23,u24), we get O(22%) solutions for
U12 (mod Qk).

Finally, we have the equation
Ris — U11GU 19 = U1oHUy9 (mod 2k Matg(Z».

We fixed Uy; and Upa. Both sides are divisible by v and (2,27"U;2) = 1. By Lemma
(2), we get O(2¥~7) solution for Usy (mod 2F~% Mat(Z)). We have O(23?) ways to lift the
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solutions modulo 2%. In total, we have O(2k+2”) solutions for Usy. Summing over v and
Vg, the number of solutions for U is

k U1 k
<< 22k Z (Z (Ul + 1)223]@—’01—2’022’6-’1‘21)2 + Z ('UQ _|_ 1)223k—2v1—v22k+2v1>

v1=0 \v2=0 vo=v1+1
k
< 227N T2 ((0y +1)527 4 (v +1)%270)
U1=O
< 20,
Casen > 6:let 1 <i < n/2. We have

n/2

ZU HU (mod 2%)

Fix U;; (mod 2%) for 1 <i < j < (n—4)/2. Then
(n—4)/2
Uin-1Hy1Ul, ) + Ui HyUL, = Z Uy H;U};  (mod 2¥).

Consider i in increasing order. We saw in (1) that we have O(2%) solutions for the pair
(Uin—1,Uin) once the rest is fixed. Finally for (n —4)/2 < i < n/2, we get a 2 by 2 block
matrix equation that corresponds to the case n = 4. In total, we get

O(2k(n74)(n73)/2 . 26k(n74)/2 . 26k) _ O(2kn(n71)/2)
solutions for U.
(5) The proof is coherent. We only lose a power of 2 in the second display when we evaluate
Tjojo = (QUt + UQt)jojo (mOd Qk)'
But in the only application in Proposition we have an additional equation (see below)
Tjojo = (QUt + UQt)jojo (mOd 2k+1)'

So we get the same bound from this equation. The rest of the proof does not change.

O

Now, we can consider the proofs of Propositions and for p = 2.
Proposition[5.J} we consider A to be half-integral and B; to be symmetric half-integral, which is the
case in our application. Then 24 and 2B; are integral and tr(M By) is integral for any symmetric
matrix M € X, (Z). With this in mind, the proof goes the same way. We get the same results (with
the condition on 24 in the second case).
Proposition we consider A and B to be half-integral symmetric matrices. The proof goes the
same way. We get the equations

2(2" 7 imy; +mj;)) =0 (mod Q0121 (i <3),
mi; = 0 (InOd 201‘72’“).

If we drop the second equation, we get Equation (5.5) with R replaced by 2R. The proof in Case
1 is coherent. The second equation makes the above proof of Lemma (5) valid. The rest of the
proof goes the same way. We use that 2R = 2BW?! and get the same result with 2B instead of B.
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Proposition [5.7 after applying Lemma [5.8] we get an additional congruence for the diagonal ele-
ments. If we drop it, the proof goes the same way, with two different possibilities for D in Case
1. Since the bound from Lemma (3), (4) are the same for the two different D, we obtain the
same result in Case 1. The rest of the proof is the same with 2Q, 2T instead of @, T and 2@ in the
bound instead of @Q;. We conclude that the same results hold.

Now that we showed that all estimates hold for p = 2, the rest of the proof of Theorem for
p = 2 goes the same way.

6. APPLICATION

In this section, we prove Theorem (1.3} First, we prove a non-trivial bound for a Kloosterman
sum with a general C' and give a bound on Fourier coefficients of smooth functions.

Proposition 6.1. Let C' € Mat,,(Z) with det(C) # 0. Let Q, T be half-integral symmetric matrices.
Let € > 0. We have

n
Ku(Q.T:0) €ne ™ *(e1,2Q.27)° [ e~
i=2
where the implicit constant only depends on n and €. Here ¢y | -+ | ¢, are the elementary divisors

of C.

Proof. Note that the result is true for n = 1 by the Weil bound. Suppose that C is not in its Smith
normal form C’. There are U,V € GL,(Z) such that C' = U*CV and by Lemma [2.7| we have

K(Q.T;C) = KQU]TIV];C").

Note that (¢, 2Q[U],2T[V]) = (¢,2Q,2T) for all ¢ € Z since U,V are invertible. So without loss of
generality, we suppose that C' is in its Smith normal form.

Let C = diag(cy,...,cn) with ¢1 | --+ | ¢,. Suppose first that ¢; = p”i for a fixed prime p and
0<o01<---<o, Ifo;<1lforalli=1,...,n, Theorem [[.2] combined with Proposition [2.11] gives
the bound

(6.1) K(Q.T:C) <y ¢ (e1,2Q,20) 2 T en .
1=2

If ,, > 2, Theorem [I.1] gives the bound
K(Q.T;C) < ¢} 2 (e, 2Q0) 2 [ [ e
=2

with Q] = @ except if ¢; = p. This is because (¢f,2Q}) < (c1,2Q)) < (¢1,2Q). The same bound
is valid when replacing Q by T thanks to Lemma[2.9] So we can replace (c1,2Q}) by (c1,2Q1, 2T7).
In the case where ¢; = p, let C' = diag(pls, C1) with all the prime powers in C; at least p*>. We
have (p,2Q7,2T7) = (p,2Q2,2Qs3,2T5,2T3) where Q, T are split into blocks of the same size as C.
Suppose that
(pa 2Q27 2Q37 2T2, 2T3) =p-

Then in Proposition the sum over X is trivial. Thus the sum over W is K¢(Q1,Th; pls). Applying
the bound of Equation (or the Weil bound if n = 1), we get

KQ,T;0) < C;L_l/2(cl, 2Q1, 2T1)1/2 H C;szdrl.
=2
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In conclusion, the following bound holds for any C' = diag(p°?,...,p7"):

(6.2) K(Q.T:C) < Enc! ™ *(e1,2Q,27)** [] ep =+
i=2
with F,, a fixed constant that only depends on n.

Let w(c) be the number of prime divisors of ¢ (without multiplicity). We proved Equation (6.2))
in the case w(c,) = 1. Now, we prove it for w(c,) > 1 working by induction. Let p | ¢, and write
C = FG = diag(fi,..., f»)diag(gi,...,gn) With f; = (p°°,¢;). By Lemma 2.8 we have

K(@Q.T;C) = K@Qr,T; F) - K(Qa, T; G)

with (p,Qr) = (p,Q) and (¢,Q¢) = (q,Q) for all prime ¢ | g,. Applying Equation (6.2) and
induction on w(gy), we get

K(Q,T:C) < Bu fy2(£1,2Q,20)** [ s~
=2

n
. E:;(cn)ﬂg;zflm(gh 20, 2T)3/2 Hg?—z-ﬂ
i=2

= B T2 ey, 2Q, 232 [T e+,
1=2

Finally E;; (en) KL np,e 5, for all € > 0 by the divisor bound. This concludes the proof of the proposition.
O

Lemma 6.2 (|Gra|, Corollary 3.2.10). Let f : (R/Z)™ — C be a C* function and 0 # m € Z™.
Then the m-th Fourier coefficient of f satisfies the bound

fom)| <« i

where S,’: is the Sobolev norm of f of order k with respect to the sup-norm.

We recall the setting of Theorem Let T,, = X,(R/Z). Let C € Mat,(Z) be such that

det(C) # 0. Consider
A %
(O D) eX (C)}.
Remark. Note that if C' = mlI,, then we have

Smr, = {(X/m,X/m) € T, x Ty, : X € X, (Z/mZ), m+tdet(X)}.

Theorem 6.3. Let C € Mat,,(Z) be such that det(C) # 0. Let f : T,, x T,, = C be a C*-function
with k > n(n+1) + 1. We have

Sc = {(C‘tAt,C‘lD) eT, xT,

1 _
15| > f(M,N) :/ f(X1, X2)dX, dXo + Oy (S,fcl 1/%;)
¢ (M,N)eSc Ty XTr
where S,{ is the Sobolev norm of [ of order k with respect to the sup-norm and ¢y | --- | ¢, are the

elementary divisors of C'.
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Remark. We see that if ¢; — oo and the ratio between ¢; and ¢, stays constant, then the set S¢
equidistributes. This is the case if C = mCy with Cy a matrix with det(Cy) # 0 and m — co.

Proof. Le f: T, x T, — C be a C* function. We want to compute

1 —t At ~—1
(6.3) X0 A*Z f(C~t A, Cc'D)
(& p)ex©

For @, T half-integral symmetric matrices, we have the Fourier coefficient
f@r)= [ i va)e-Qn - T¥)avi avy
Tn xT

and the Fourier series

F(X1,X2) =Y f(Q,T)e(QX1 + TXz).
QT
By Theorem 3.2.16 in |Gra], the series converges absolutely. Inserting this in Equation (6.3]), we get

£(0,0) + X0 >, f@T) ). e(QCTTA'+TC'D).
(Q,T)#(0,0) (é;gexan

The last sum is K(Q,T; C). Using the bounds from Proposition and Lemma we get
1 ; - 2Q, 27)3/?
e Y TQDEQTC) < e iy Y 202

[ X(O)] (Q,T)#(0,0) (Q,T)#(0,0) max{[|Qll. , |17l }
We write £ = (¢1,2Q,2T). The sum over Q T is then

61,2 21ﬂ
( C? 2{: j{:

k
@00 maX{IIQIIOO,HTH F e oo Pma( QI T

< 263/2 kz n(n+1)—1—k

Z|cl

where we wrote m = max{||Q|| ., ||7]|,.}- Note that the number of pair (Q,T) with a fixed value
m is O, (m™™+1)~1) since at least one coordinate must have value m. The two sums are uniformly
bounded if k¥ > n(n + 1) + 1. We deduce that

o X CTAL0TD) = f(0.0)+ 06 )
(8 p)ex©)

53/2

= F(Y1,Y2)dY: dYs + O(c; /2¢5).
TxT
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